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Abstract

Let wq, w, be slowly increasing weight functions, and let ws be any weight function
on R". Assume that m(&, n) is a bounded, measurable function on R” x R”. We define

B, 0)0x) = / / HEmImE, M e de dn
R JRN

forallf,g e C°(R"). We say that m(&, n) is a bilinear multiplier on R" of type
(W(p1,q1,@01; 02,92, @0, p3,q3, @3)) if By, is a bounded operator from

WP, La ) x W(LP2,LE) to W(LP3, L), where 1 < py < g1 < 00,1 <p)y <Ga <00,

1< p3,q3 < 0o. We denote by BM(W(p1,q1,w1; 2, G2, @2;P3,G3, @3)) the vector space
of bilinear multipliers of type (W(p1, g1, @1;p2,G2, @2; p3, G5, @3)). In the first section of
this work, we investigate some properties of this space and we give some examples
of these bilinear multipliers. In the second section, by using variable exponent Wiener
amalgam spaces, we define the bilinear multipliers of type

(W(p1(x), g1, @1;02(0), G2, 02; p3(x), g3, @3)) from WP W, 1) x W(LP2Y,LE) to

W(LPsW, L3,), where pt, p3,p5 < 00, p1(X) < g1, p2(x) < G2, 1 < g3 < oo for all

p1(X), p2(x), p3(x) € P(R"). We denote by BM(W(pi (x), g1, @1; p2(x), G2, @2; p3(X), G3, 3))
the vector space of bilinear multipliers of type

(W(p1(x), g1, w1; p2(X), G2, 2; p3(X), g3, w3)). Similarly, we discuss some properties of this
space.

MSC: 42A45;42B15;42B35

Keywords: bilinear multipliers; weighted Wiener amalgam space; variable exponent
Wiener amalgam space

1 Introduction

Throughout this paper we will work on R” with Lebesgue measure dx. We denote by
C*(R"), C(R") and S(R") the space of infinitely differentiable complex-valued functions
with compact support on R”, the space of all continuous, complex-valued functions with
compact support on R” and the space of infinitely differentiable complex-valued func-
tions on R” that rapidly decrease at infinity, respectively. Let f be a complex-valued mea-
surable function on R”. The translation, character and dilation operators T, M, and D;
are defined by T,f(y) = f(y — x), Myf(y) = e¥"®f(y) and Dif(y) = til%f(%), respectively,
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for x,y € R”, 0 < p, t < co. With this notation out of the way, one has, for 1 < p < co and

l+lr:1’
p p

(T) €)= MfE),  MS) ) =TfE),  (Dif) &) =DfE)
For 1 < p < 0o, LP(R”) denotes the usual Lebesgue space. A continuous function w satis-

fying 1 < w(x) and o(x + y) < w(x)w(y) for x,y € R” will be called a weight function on R”.
If w; (%) < wy(x) for all x € R”, we say that w; < w,. For 1 < p < 0o, we set

(R = |f :fw e P (R)).
It is known that I%,(R”) is a Banach space under the norm

iy =l = { [ oot ax|, 1<p<os

or

Iflloo.o = If @lloo = ess sup|f(x)w(x)|, p=o0.

xeR”
The dual of the space L, (R") is the space LZﬂ (R"), where 117 + % =1land o (x) = ﬁ We
say that a weight function vy is of polynomial type if vs(x) = (1 + |x])° for s > 0. Let f be a
measurable function on R”. If there exist C > 0 and N € N such that

Lf(x)| < C(l + x2)N

for all x € R”, then f is said to be a slowly increasing function [1]. It is easy to see that
polynomial-type weight functions are slowly increasing. For f € L!(R"), the Fourier trans-
form of  is denoted by . We know that f is a continuous function on R” which vanishes at
infinity and it has the inequality |[]A‘||Oo < ||fll:- We denote by M(R") the space of bounded
regular Borel measures, by M(w) the space of u in M(R") such that

||m|w:f wdju] < .
Rn

If u € M(R"), the Fourier-Stieltjes transform of y is denoted by & [2].

The space (L”(R"))io. consists of classes of measurable functions f on R” such that
fxx € LP(R”) for any compact subset K C R”, where xx is the characteristic function of
K. Let us fix an open set Q C R” with compact closure and 1 < p,q < oo. The weighted
Wiener amalgam space W (L7, L%) consists of all elements f € (L”(R"))jo. such that Fr(z) =
Ilf xz+qll, belongs to LE(R™); the norm of W(L?,LY) is Wl e 19y = 1 Efllg [3=5].

In this paper, P(R") denotes the family of all measurable functions p : R” — [1,00). We
put

P+ = essinfp(x), p* =esssupp(x).
xeR"

xeR”
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We shall also use the notation
Qoo = {x eR": p(x) = oo},

The variable exponent Lebesgue spaces (or generalized Lebesgue spaces) L#®(R") are
defined as the set of all (equivalence classes) measurable functions f on R” such that
0p(Af) < oo for some A > 0, equipped with the Luxemburg norm

W llpe = inf{k >0: Qp<§> < 1},

If p* < 0o, then f € LP®(R") if 0p(f) < 00. The set LPW(R") is a Banach space with the norm
Il - o). If p(x) = p is a constant function, then the norm || - || ;) coincides with the usual
Lebesgue norm || - ||, [6]. The spaces LP¥(R") and L7 (R") have many common properties.
A crucial difference between L”®)(R") and the classical Lebesgue spaces L(R") is that
LP®(R") is not invariant under translation in general. If p* < 0o, then C>*(R") is dense in
LPW(R"). The space L’ (R") is a solid space, that is, if f € L (R”") is givenand g € LllOC (R™)
satisfies |g(x)| < |[f(x)| a.e., then g € L™ (R") and lgllo) < IIfllpx) by [6]. In this paper we
will assume that p* < co.

The space (L”™(R"))joc consists of classes of measurable functions f on R” such that
fxx € PP(R™) for any compact subset K C R”. Let us fix an open set Q C R” with
compact closure, p(x) € P(R"”) and 1 < g < oo. The variable exponent amalgam space
W(LP®), LT) consists of all elements f € (L7®(R"))}oc such that Ff(2) = |If Xz+qllpix) belongs
to LE,(R™); the norm of W(LP®W, LY) is ||f|| w2y = 1Frllgw [71.

2 The bilinear multipliers space BM[W(p1, g1, ®1; P2, G2, @2; P3,q3, @3)]
Lemma 2.1 Let1 < p < q < 00 and w be a slowly increasing weight function. Then C2°(R")
is dense in the Wiener amalgam space W (L?,LY).

Proof Since C.(R") = LL(R") [8], we have C.(R") = W(L?,L%) by a lemma in [9]. Also we
have the inclusion

C*(R") C C(R") c W(L?,L2).

For the proof that C>°(R") is dense in W(L?, LY), take any f € W(L?,L%). For given ¢ > 0,
there exists g € C.(R”) such that

£
|[f—g||W(Lp,LZJ) < 7 (2.1)

Also, since g € C,(R") c LL(R") and C>*(R") is dense in LEL(R™), by Lemma 2.1 in [10],
there exists 1 € C2°(R”) such that

)
—hllgw< =
lg = Allgw < 3

Furthermore, by using the inequality p < g, we write

&
g = llwiup gy < g = Hlg < 5 2.2)
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(see [11] and [5]). Combining (2.1) and (2.2), we obtain

If = Allwe iy < If —&lwariay + 18— glwer ey <&
This completes the proof. d

Definition 2.1 Let 1 <p; <q1 <00,1 <py < gy <00, 1 < p3,q3 < 00 and wy, wy, w3 be
weight functions on R”. Assume that wy, w, are slowly increasing functions and m(&, ) is
a bounded, measurable function on R” x R”. Define

B (f,8)(x) = fR ) /R nf”(é)é(n)m(f,n)ez’”’@*"’” de dn

for all f,g € C°(R").

m is said to be a bilinear multiplier on R” of type (W (p1, q1, w1; p2, 42, w23 P3, 43, @3)) if
there exists C > 0 such that

|Bulf.8)| wips %) = C”f”W(m,LZ}l) &l ze2 122

for all f,g € C>°(R"). That means that B,, extends to a bounded bilinear operator from
W (LP, LE) x W(LP2, L) to W(LP3,LE).
We denote by BM[W (p1, q1, w1; P2, g2, @2; p3, 43, ws)] the space of all bilinear multipliers

of type (W (p1, q1, 015 p2, G2, 025 p3, 43, w3)) and ||m]| (W (p1,q1,01;02,42,02:03,43,03)) = 1Bl
The following theorem is an example to a bilinear multiplier on R” of type (W (p1, g1, @1;

P2,92; wz;pqusyws))~

Theorem 2.1 Let pil + piz = pls, q% + qiz = % and w3 < w. IfK € Li)z(]R”), then m(&,n) =

K(& —n) defines a bilinear multiplier and ||m|| (w (p,.q1,012.90.0203.43.03) < IK1,03-

Proof We know by Theorem 2.1 in [10] that for f,g € C2°(R"),

BALQO = [ fle-3gte+9KO)dy (23)
]Rn
Also by Proposition 11.4.1in [5], T,f € W (L', L%,), T_,g € W(L*2,LY). So, we write Fr,s €
L3 (R"), Fr_j, € LT (R™).

Using the Minkowski inequality and the generalized Holder inequality, we have

[Blf- &) s 33y = [1BnF oD x0es]

- | [Lre-veesixo o

p311q3,03

< [ 11re=5gte + Dxeut@l KO
< [ 117e=x00, e +90us@ KO

= [ [Pt @1, [K0)| . 2.4
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Again, by using Proposition 11.4.1 in [5] and the assumption w3 < w, we write
1Erys@slley < 030)If g < o0 25)

From this result, we find Fr,s € LE, (R"). Hence by (2.4), (2.5) and the generalized Holder
inequality, we obtain

18Dy = [ |Frs@oa,, [Frol, K0 dy
]RVI

< fR Wl g2 1€l 1) KO 030y
= ”f” W(Lpl'LZ)ll) ”g” W(LPZ'LZJZZ) ||I<||1,w3

_ , 2.
CHf”W(Lpl,LZ}l)||g||W(U’2,LZ,22) (2.6)

where C = [|K||1,0;. Then m(&,7) = K (¢ - n) defines a bilinear multiplier. Finally, using
(2.6), we obtain

”Bm(f:g)”W(LpgyLZ%)

172l (W pr.a1.0192.42. 0203.03.03)) = sup Ml Izl
Vil 101y <08y gpn g2, =0 W lhwar ) 8 lware 1)

< 1K Nlw3- O

Definition 2.2 Let 1 <p; <py <00, 1 <q; < gy <0, 1< p3,q3 < 00 and wy, wy, w3 be
weight functions on R”. Suppose that w;, w, are slowly increasing functions. We denote
by M((p1, q1, 01 P2, 42, @23 3, g3, w3)] the space of measurable functions M : R” — C such
that m(&,n) = M(§ —n) € BM[W (p1, q1, 015 P2, 42, @25 P3, g3, w3)], that is to say,

Bu(f,8)x) = /R Rnf(g)g(n)M(g _ n)e2 i€ ge g

extends to a bounded bilinear map from W (L1, LL) x W(L172,LE) to W (L3, LE). We

denote M| (W pr.ar.0mp2.a0.0003.03.03) = 1Ball-

Let o be a weight function. The continuous function @'

cannot be a weight func-
tion. But the following lemma can be proved easily by using the technique of the proof

of Lemma 2.1.

Lemma 2.2 Let 1 < p < q < 00 and w be a slowly increasing continuous weight function.

Then C2°(R") is dense in W(LP,LZ),I) Wiener amalgam space.

Theorem 2.2 Let pLs + pi, =1, qu + qi, =1, g5 > p5 > 1 and w3 be a continuous, symmetric
3 3

slowly increasing weight function. Then m € BM[W (p1, q1, w1; P2, 42, w2; P3, 43, w3)] if and

only if there exists C > 0 such that

/n Rnf(é)é(n)il(%‘ +mm(§,n)dé dn| < C”f”W(U’LLZ}l)“g”W(U’Z,LZ;ZZ)Hh”W

/ q’
(£3.L3))

forallf,g,h e C(R").
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Proof We assume that m € BM[W (p1, q1, @1; P2, G2, @25 p3,q3, w3)]. By Theorem 2.2 in [10],
we write, for all f,g, 1 € C2°(R"),

[ [ 7amice e dr/' ‘ [ 10850000
< / 1) |Blf, )| dy, (2.7)
]Rn
where Bm(f,g)(y) = Bu(f,2)(—y). If we set —t = u, we have

1Bt 20 wiwrs 153,y = 15, 10l = 1 1Blf - @@ x0e(=0)],, |

q3,@3
- ” ”Bm(f’g)(u)X_Q_x(u) HPB ”qam - ”Fl;r(f(f,g)(_x) qu.,ws' (2.8)
Since w3 is a symmetric weight function, if we set —x = y, we have
”Bm(f'g) ” wrs L) = ” Bm(fg ” q3.03° (2.9)

We know from [3] and [5] that the definition of W (L3, L) is independent of the choice
of Q. Then there exists C > 0 such that

1F220 9 | gy < CollFrr000) | gy (2.10)
Hence, by (2.9) and (2.10), we have
1Binlf- &) s 53) < CulEs 000 | g5 = Col Bl ) a3 (2.11)

Since from the assumption m € BM[W (p1, g1, w15 P2, 42, @2; P3, g3, ws)] the right-hand side
of (2.11) is finite, thus Bm(f g) € W(L#3,LE). On the other hand, since m € BM[W (p1, 41,
W13 P2, 42, W23 P3, 43, w3)], there exists C; > 0 such that

”Bm(f’g) ” W(LvaZ)?’g) = CZHf”W(U’l,LZ}I) ||g||W(LP2,Lf022)- (2.12)
Combining (2.11) and (2.12), we have
”Bm(f,g) ” W(LpgyLZ%) =< CICZHf”W(Lm,Lgll) ”g”W(U’Z,LZ,Zz)' (2~13)

If we apply the Holder inequality to the right-hand side of inequality (2.7) and use inequal-
ity (2.13), we obtain

[ [ Feroi + mme.n s an

= ||Bm(frg) “ W(MvaZ)%) 4]

;o
p3 93
W (L ,Lar1 )

<(CC q o, ||k ro
=G lefIIW(Lm,wal)IIgIIW(Lpz,szZ)II ||W(Lp/37Lq371)
w,
3
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For the proof of converse, assume that there exists a constant C > 0 such that

‘fl/f@ﬁm%@+mw@wﬁkdﬂ
Rn RVI

= C”f” W(LPL ,LZ}I) gl W(LP2 vLZ?z) Al W(L‘”/B ,Lqé_l) (2.14)
@3

for all f,g,h € C*(R”). From the assumption and (2.14), we write

(2.15)

A\v h(y)Bm(f’g)(y) dy = C”f”W(l’pl’Lz}l)||g”W(Lp2’LZ)22)”h”w/(LPé,Lq%l)'

@3

Define a function ¢ from C>°(R") C W(LP/S,LZf_l) to C such that

= [ HB.f 0

¢ is linear and bounded by (2.15). Also, since g5 > p; > 1, we have C*°(R”) = W/(Lpé,LqS_l)
, / @3
by Lemma 2.2. Thus £ extends to a bounded function from W (L?3,L ) to C. Then £ €
/ @3
(W(L”é,Lngl))* = W(LP3,LE). Again, since the definition of W (173, LE)) is independent of
the choice of Q, there exists C3 > 0 such that

1Bl )iz 33y < Cs 1B(f.0)| Wil (2.16)

Combining (2.15) and (2.16), we obtain

”BWI(f’g) ” w(rs L) =G ||Bm(f,g) ” w(rs,LE)

[€(h)|
= Gllel =G5 sup
w o, <l g
w3, ) WL 2))
(u:; “3
= C3C”f||W(l}’1,LZ}1)”g”W(U’Z,LZ,ZZ)’
This completes proof. d

The following theorem is a generalization of Theorem 2.1.

Theorem 2.3 Let + + L =L L L - L 4 <o and vix) = CA+ 42N, C >0,
R R

N € N be a weight function. If © € M(v) and m(&,n) = i(aé + Bn) for a, B € R, then
m € BM[W (p1, q1, 01; p2, 42, w23 p3, 43, w3)]. Moreover,

”m”(W(pl,ql,wl;pz,qz,wz;pg,qg,wg)) = ”M”v lf|0[| <]

2N .
”m”(W(pl,ql,wl;pz,qz,wz;pg,qg,wg)) < |O[| ”/’LHU lf|0l| >1.

Proof Letf,g € C°(R"). By Theorem 2.3 in [10], we have

Bu(f,8)(t) = /R nf (t—ay)g(t - By)du(y). (2.17)

Page 7 of 23
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Also by [5] we write the inequalities
1 Tesf N 121y < @ Ny s, (218)
and
ITps8ll w12, 122) < @20@D) gl g 192 (2.19)

From these inequalities, we have Fr, s € L%, (R”) and Fryq € L% (R"). If we use the in-
equality w3 < w; and set x — ot = u, we obtain

”FTO,J,wa ||q1 = ”FTayfwl”ql = wl(ay)”f”W(Lpl’LZ)lly (220)

and hence Fr, rw; € L7 (R"). Then by (2.17), (2.18), (2.19), (2.20) and the Hélder inequality,
we have

1870 iz = | [ e -anete= e, dini)

q3,w3

< / [ -anxou@], o= Bnxes®l,, dinl)
- 1 q3,w3
< /]R" ||FTayf(x)FTﬂyg(x) ”qw3 d|pl(y)
< /]R" ”FTayf(x)w3 (%) ||q1 ”FTﬂyg(x) qu d)i|(y)
= /Rn o @ o r21) 1€l wpz,ca2) Al ()
< “f”W(Lpl,Lle)”g”W(LpZ,LZZZ)/]Rn wn(ay) d| i) (y). (2.21)

Now, suppose that o < 1. Since w; is a slowly increasing weight function, there exist
C >0 and N € N such that

wi(x) < C(l + xz)N = v(x).
Then

[ oendmio) = [ ctat?) dinio) = [ ) dinio) =l
Hence by (2.21)

IBatF. ) s 5 = U s g I 2.22)

Thus m € BM[W (p1, q1, w15 p2, 42, 02; p3, q3, @3)], and by (2.22) we obtain

1B (f> )l w3 L83)

71l (w or.q1,0102.92.02303.43.03)) = sup Tl 2]
Uy 1) S0y gm0 U w18y 18 wara 133

=< llllo-

Page 8 of 23


http://www.journalofinequalitiesandapplications.com/content/2014/1/476

Kulak and Gurkanli Journal of Inequalities and Applications 2014, 2014:476 Page 9 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/476

Similarly, if & > 1, then

fR e dlul() < fR LGl +a?y) dluly) = o fR v dluly) =l
Therefore by (2.21) we have

1Bt o) wars az3) = @ Wl o) 181w g2, 141 (2.23)

Hence, we obtain m € BM[W (p1, g1, w1; p2, G2, w25 P3, 43, w3)], and by (2.23)

||Bm(fyg)||W(Lp3,LZ§;)

171l (wr.q1.0102.02,0203.03.03) = sup Tl Izl
WHW(Lpl.LZ}I)Sl’Hg”W(LPZ,LZ)ZZ)Sl wrLL) Ellw(Lr2,172)

< &®N|plly. O
Now, we will give some properties of the space BM[W (p1, g1, w1; P2, 42, @25 P3, 43, @3)].

Theorem 2.4 Let m € BM[W (p1, q1, @1; P2, 42, @25 P3, 43, w3)].
(@) Tigynoym € BMIW (p1, g1, @15 p2s G2, w25 p3, g3, w3)] for each (§y,no) € R and

I Te,n0) 2l (W p1,q1, 01302, 02, 02:03.3,03) = I (W (pr,q1,0102.02,023.03,03) -

(b) Mgy neym € BM[W (p1, q1, 015 p2, G2, w25 p3, g3, w3)] for each (§y,no) € R and

1M g0,n0) 111l (W (p1.q1,01:02.82,02303,43,3))

< wi1(=&o)wa(-n0) 1721l (W (pr.q1.0102.00,0293.93.03) -

Proof (a) Let f,g € C2°(R"). From Theorem 2.4 in [10], we write the equality
BT(so,m)m(f’g)(x) _ eZni(§o+no,x>Bm(M_§uf, M_,),2)(x). (2.24)

Also the equalities ”M*E(lf”W(LPl,LZ}l) = ”f“W(LPl,LZ,ll) and ”Mfrlog“\v(z,l'z,LZ}Z) = ”g“W(LPz,LZ?z)
are satisfied. Then, using equality (2.24) and the assumption m € BM[W (p1, q1, 1; p2, 9>,
w; p3, 43, w3)], we have

”BT(E()J;())”’(f’g) ” wrs Ll = e ot m0N B, (M_go f, M_y08) || W L5)
= ”BW(M—EQf’M—nog)” W(Lpg’Lz)'a;)
= C”f”W(U’l,LZ}I)“g”W(U’LLZZZ)
for some C > 0. Thus T'(g,,y,)m € BM[W (p1, q1, w15 p2, 42, @23 p3, g3, w3)]. Moreover, we ob-

tain

1 To.m0) Pl (W (p1,q1.01302.02.02:03.,33.,3))

”BT(EO’nO)m(f:g)” W(Lp3,LZ)33)

= ”BT( )m” = sup

§0.10
Ly 103 <418y 11251 W e en c22) € ez 123
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||BT(go,no)m(M—Sof;M7nog) l W(Lpg,LZ)h’s)

= sup
”M-Et}f”w/(wl,Lle)SI’HM”’Og”W(LPZ,LZ)Zz)gl ||M7§0f||W(Lpl_LZ}l)||M—nog||W(Lp2,LZ)22)

= |Bull = ”m”(W(PI»QIvwliPZ;qszZ;P3r‘Z3vw3))'

(b) For any f,g € C:°(R"), we write

Butgy @@ = BTy Ty ) (2.25)

£0.m0

by Theorem 2.4 in [10]. Also, the inequalities || T_¢,f|| WLl < w1 (&) |fl WLl and
||T_,70g||W(Lp2YLZ}22) < wz(—no)||g||W(Lp2‘Liz2) are satisfied [5]. Since m € BM[W (p1, q1, w1; pa,
g2, w23 P3, g3, w3)], by (2.25) we have

“BM(Eo,no)m (f,8) “ wrsL) T ||Bm(Tf$of7 T_p,8) ” w(Lrs L)
< ”BWI ” ” T—Eaf” W(Lp17LZ)ll) ” T—quH W (LP2 'L(q1)22)

< 1(~50)02(=10) 1Bl lny g 121 1@y ppn sy (2:26)

and hence M, ,,)m € BM[W (p1, 41, w1; P2, 42, 025 3, q3, w3)]. So, by (2.26) we obtain

| M(gg o) (W (p1,q1,01;02,42,02p3,93,03))

”BM(SO’nO)m(f’g) I W(Lr3 ,LZ)33)

= sup
Ul o) <0y gpo 2, <1 Vw2 1€ v o 02

< w1(=&0)wa (=) IBm Il = wi(=&o)wa (—=n0) 1721l (W (p1.q1,01502.92,02:03,43.03)) - O

Lemma 2.3 Ifw is a slowly increasing weight function such that o(x) < C;(1 + x*)N = v(x)
and f € W(LP,LY), then D)f € W(L?,L%). Moreover,

|Dsf| war sty < CWllwersy #r=1,

125wz 11y < DM W sy #y>1
for some C > 0.

Proof Take any f € W(L?,L3). If we get § = u, we obtain

1
p
”D;fH wrLl) = /D;n’Dif(t)XQ+x(t)|p dt}

" p
e
R" y
- Lirwr s oy s’

) ||q,w. (2.27)

90

,
XQ+x(t) dt}

g0

g

Il
hll
o
"Q‘
2
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Again, if we say y'x = s and use o to be slowly increasing, then there exist C; > 0 and
N e N such that

1

7)oy dx} '

125wy = { [

Z{/ |Fy Q(s)|qw(ysqu}

1
- yz{ / |F;_1Q(s)|q(C1(l+y232)N)qu}q (2.28)
R}’l
by equation (2.27).
Let y < 1. Using inequality (2.28), we have
%1
-1

1D Lwiar gy = { LI or@ss) )qu} ~1E7, .- (2:29)

Since y~'Q is a compact set and the definition of W (L7, L?) is independent of the choice
of a compact set Q, then there exists C > 0 such that
y'Q
15 I

o = ||FQ I, (2.30)

by [3, 5]. Then by (2.29) we write

-1
”foH w(Lr,L9) = ”F; Q”qv = ”FQ” C”f”W(l}’,L?,)‘

Thus we have D§f e wr, LY.
Now, assume that ¥ > 1. Similarly, by (2.28) and (2.30), we get

q

195 Lty <] [ JE 00107 )|

1

= y2+2N{/ |F;_1Q(s)|qv(s)qu}q
Rn

o

=y a*? ”f”WLﬁLq)

Hence D,)f € W(L?,LY). O

Theorem 2.5 Let v;(x) = C;(1 +x2)™i, C; >0, N; > 0 for i = 1,2,3, and let w3 be a slowly in-
= ot 5 = 550 0 <y <00 and m € BMIW (p1, q1, 01 p2, 42, 3
P3,q3,03)], then Dim € BM[W(Pqu, V13 P2, G2, Va3 P3, 43, w3)]. Moreover, then

creasing weight function. If 2

“Dzm ” (W(p1,q1,01;,p2,92,V2:03,43,03))

~Z_9N3 .
=y = lmllwrqronparopsas)y ¥y =<1

“qu ” (W (p1,q1,013,02,92,V2:93,43,03))

7+ 2N1+2No ”

< C)’ql 2 lwraioparoipsazvs) Iy >1
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Proof Letf € W(L*,LY)) and g € W(LF2, LE,) be given. From Lemma 2.3, we have D})'f €
W(LP, LE,) and Dy?g € W(LP2,LE). Also it is known by Theorem 2.5 in [10] that

By olf,8)) = D% By (D51, D22 g) ).

If we use this equality, we write

1
r3
oguld O iy = || [ P70 008 Ot e |
1
n t p3 3
- f yl’B Bm (D;lf,D§2g) (—1>XQ+x(t) dt} ’
- y 43,03
1
P
= / y'l iBm(Dflf’Dﬁzg)(ty)XQﬂc(t) ipg dt} ?
Rﬂ q3,w3
If we say yt = u in the last equality, we have
1
P3
Bogull Dl wrs 3, = H {fR [Bn (D51 DJ28) 10) Xyquy (1) dt}
43,03
||FyQ Dplpoz (y )”qs w3 (231)

On the other hand, since wj is a slowly increasing weight function, there exist C3 > 0,
N3 > 0 such that w3(x) < C3(1 +x2)™3 = v3(x). If we make the substitution yx = s in equality
(2.31), we obtain

”BDZm(f’g)”W(LPB,LZ%) = HFyQ(Dplpoz (o )||q3w3
1
A LB i O a5 as)
1
=y%{/ |FyQDP1fDPz ()| ws(ys)" ds }%

fy%{v/w Fzysi(Dflf,Dﬁ’Z s)|q (C3 1+y*2 2)N3)qs ds}

1

a3

We assume that y < 1. Then

1

a3

||Bugm(f,g)|lw<mzz>fy_qng{/Rn B ooy @ (G0 +y‘282)N3)q3ds}

=) §_2N3”FyQDp1po2 H q3.v3°

Also, since yQ is a compact set, we have

IBogntfs@) s 5y = &5 NE o g oy

= Oy 6B (DD, D528) | a2 (2.32)
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Since m € BM[W (p1, q1, @15 P2, 42, @25 P3, g3, U3)], by Lemma 2.3 and inequality (2.32), we
obtain
”BDZm (.9 ” w(Lrs L)

1 Hp,
< Gy B Iml winaoipazorpsaso) If | wer L) lgll wr2 L) (2.33)
Then D;Im € BM[W(p1,q1, v1; P2, G2, Ua2; P3, g3, w3)], and by (2.33) we have

n
q ——~—-2N3
”D;vm”(W(p1,q1,vl;pz,qzyvz;Psyqs,wg)) =G ® 720l (W pr,q1,0102.42.0203.03.03)-

Now let y > 1. Again, since m € BM[W (p1, g1, w1; P2, 42, @2; P3, g3, U3)], by Lemma 2.3 and
inequality (2.32), we obtain

”3ng (f,g) ” w(Lrs L)

< C[[Bu(D5f, D328) |y a1,

AL ONG +2N:
< Qa2 VTR | (g nips.aswos) I I w(r,L) ”g”W(zﬁz,Lg)' (2.34)
Thus Dzm € BM[W (p1, 41, v1; P2, G2, V23 P3, g3, w3)], and by (2.34) we have

| D],

24 2 12NI 42N, 0
Cyn 12 m . .
W (o1 g2, vap3.43.03)) ~ 17721l (W or,01,0100,02,0233.03,03)-

Theorem 2.6 Let m € BM[W (p1, q1, w1; P2, g2, @025 P3, 43, w3)].
() If ® € LY(R*"), then ® x m € BM[W (p1, q1, w15 P2, 42, @23 3, q3, w3)] and

[| D = m”(W(Plvm:wl;P2vq2:w2§173:q3'w3)) = ”q)”l”m”(W(Pl,ql,wl:szqz,wz;pslqsvwz.))'

(b) If ® € LL (R*") such that w(u,v) = w1 (u)wy(v), then
Om € BM[W(pb ql; wl;PZ;(b: wZ;p37 q?n (US)] ﬂl’ld

(| Pl (W(p1.41,01:02.42,02:03.43.03)) = [P [[1,00 ll772]] (W(p1,q1,01:02,92,02:03,43,03)) *

Proof (a) Let f,g € C2°(R") be given. By Proposition 2.5 in [12]

Bounf. 00 = [ [ @0 ulf00) s

If we use Theorem 2.4 and the assumption m € BM[W (p1, q1, @1; P2, G2, @2; P3, 43, w3)], we
have

”B‘D*m(f’g) H W(LPS,LZ}S)
= / / ” (D(l/l, V)BT(W)m(f,g) ” W (LP3 193 ) dudv
R” JR? b

= /]R” /Rn|q>(”’ ol T(M:V)m”(W(Pl:m@1%242@25}’3:@3@3))”f”W(LPl,LZ}l)”g”W(LpZ,LZ)zz)dudv

= ||m||(W(myq1,w1;p2rqz,wz;pqua,ws))||q)||l|lf||W(LP1,LZ}l)||g||W(LP2,LZ,22) < 00. (2.35)
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Hence ® x m € BM[W (p1, q1, @1; P2, G2, @25 p3, g3, w3)], and by (2.35) we obtain

1P * mll(wprq0p2.00.0003.03.03) < NP (W1 ,q1.0102.02,0203.03.03) -

(b) Let @ € L! (R*"). Take any f,g € C>°(R"). It is known by Proposition 2.5 in [12] that

Banf. 0w = [ [ @m0 duds

Since m € BM[W (p1, q1, w15 P2, 42, 025 3, 3, w3)], we have M(_,,_,ym € BM[W (p1, q1, wi; pa,

q2, w2;p3,43,w3)] and
”M(*va)m l (W(p1.q1.01:02:42,02303,q3.03)) = o1 (u)wr (v)|lm]| (W(p1,q1,01:02,2,02:93,q3,03))

by Theorem 2.4. Then

||B<i>m(f,g) ” W(Lr3,193)

ﬂ)s
< [ [ 100Bu gl D)yl
n JRn @,
= / / ‘d)(u, V)‘ ”M(—u,—v)m”(W(pl,ql,wl;pz,qz,wz;pg,qg,a)g)) ”f”pbwl ||g”p2,a)2 dudv
S I I e o e
R” JR?

X |lf||W(Lpl,Lg}l)Ilg||W(Lp2'ngz>dudv
= “Wl“(W(Plv‘ﬂrwl?PZv‘IZ’wZ?P&%,ws))”f”\v(Lm,LZ}l)”g”W(Lpz,Liquz)”(D”l,w. (2.36)
Thus from (2.36) we obtain ®m € BM[W (p1, q1, @1; pa, G2, @23 3, 3, 3)] and
O

| Pl (wpr.a1.0100.00.0203.03.03) = P16 172l (W (p1.a1,010.02,02:03.03.03))-

Theorem 2.7 Let m € BM[W (p1, q1, w1; P2, 42, w25 P3, g3, w3)]. If Q1, Q2 are bounded mea-
surable sets in R”, then

1
hE,n) = — , dud
(&) u(Qr x Qa) //(;IXsz(§+un+v) wav

€ BM[W (p1, q1, @15 P2, 42, @23 p3, 43, @3) |-

Proof Let f,g € C°(R"). We know by Theorem 2.9 in [10] that

1
Bu(f,g)(x) = m //Q1xQ2 Br (@) x)dudy.

From Theorem 2.4, we have

|1Bu(f.9) | wrs,LE)

1
= m /‘/Ql % Qs ||BT(7u,—v)m (f’g) ” W (LP3 lLZ)?é) dudy
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< - T ‘ '
B “(Ql X QZ) ‘/‘/(;IXQZ ” (-, V)m”(\X/(pl,ql:wlvﬁz,qZ:wz,ps,q&wg))
X Hf”W(Lpl,Lz)ll)"g”W(Lpz,LZ)zz)dudV

= 1(Q1 x Q) ”mH(W(m,ql,wl;pz,qzywz;myqslws))
X ”f”W(LPl qu ”g”Wsz qu (Ql X QZ)

= 1l (wrguoups.ao.0rps.ase) I 1 wn L) gl w2, L)
Hence, we obtain 4(&, ) € BM[W (p1, q1, w1; p2, 42, @2; p3, 43, @3)]. O

Theorem 2.8 Let w3 be a continuous, symmetric, slowly increasing weight function,
i _ 1 1,1 _ 1 1.1 41

q1 t e T Tk T b er.’3 L qs tZ 7 - =1land q; > p;.

Assume that ® € Ll (R*"), W, € L}, (R") and ¥, € L, (R"). If m(&,n) = U1 (6)D(E, )Wy (n),

then m € BM[W (p1, q1, 015 p2, G2, @25 P3, 43, @3)].

w(u,v) = w1 (U)wr(v), ws < w1, -

Proof Take any f,g,h € C°(R"). Then, by Theorem 2.10 in [10], we write

/ FEZAE +nym(E,n)ds dn' =< f |h(3)B (f * 1,8 % Wa)(y) | dy.
R JR7 R#
On the other hand, we know that the inequalities

”f * Wy ”W(U’LLZ}I) <G “f”W(LPl,LZ}l) ”\Ijl“l,wl (2.37)

and
I8 Wall g2 = Collglhiarm 12 | %2l (2.38)

hold, where C; > 0, C, > 0 by [3]. That means f * W; € W (L7, LT) and g% W, € W (L2, LE).
Also, every constant function is bilinear multiplier of type (W (p1, g1, w1; p2, g2, w2; P3, 43,
ws)) under the given conditions. So, by Theorem 2.6, we have e BM[W (p1, 41, @15 P25 92,

wy; P3,qs, w3)]. Now, if we say that —y = u, we have

|Bo(f W, g% W2) )| w(Lrs,L%3)

1
r3

) H {/R [Bo(f % 1,8 W2) )| x-q-x(u) du}

q3,w3

|| B (f*llllg*\llz x)”qg,wg'

In this here, we set —x = # and use w3 to be symmetric. Then we have

”Bé(f * Wy, g W2)(y) ” w(Lrs L) =G ”FB & (FrW1,g o) ||q3,w3

= Cs||Bo(f = Wr,g o W) | s g3 (2.39)
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by [5]. Using the Holder inequality, inequalities (2.37), (2.38), (2.39) and e BM[W (p1,

q1, 1; P2, 2, W25 P3, 43, w3)], we find

[ [ Feamic + pme.naz an

= ”h” W(Lpé.Lq%l) ||B<i>(f * qjl!g * "IIZ) ” W(Lpg’,lz%)

3

=< C1C2C3||h||W(Lpéqugil)IIB@II N V2 Do U 120 18 a2 192 -

@3

If we say C = CiCoCs||Bg [l Wil 11 W2 ll1,005 » then we obtain

/ f(é)ﬁ(ﬂ)il(é +n)m(&,n)dé dn| < CHf”W(LpleZ}l)“g”W(LvaLZZZ)”h”W
Rn RVI

W)
(03
From Theorem 2.2, we have m € BM[W (p1, q1, w1; pa, 2, w25 p3, 43, @3)]. d

Theorem 2.9 Let 1 < p,pr <p<2,1<q,qs <r<2,p3>p,qs>7r and q; > p;

such that + =L + L 2 gpg L =L 4 L _ 2 Acqume that ws is a continuous,
ps Pt P2 P a3 @ @ T

bounded, symmetric weight function. If m € W(L?(R*"),L"(R*")) N L>°(R?"), then m €

BMI[W (p1,q1, 015 p2, G2, w25 p3, 43, w3)].

Proof Firstly, we show that m € BM[W (p,r, wy;p, 1, wy; 00,00, ws)]. Take any f,g,h €
C®(R"). Let A x B C R?*" be a closed and bounded rectangle. Since the definition of
W(Lp/ (RZ”),L’/ (R?")) is independent of the choice of a compact set Q, then, by using
Fubini’s theorem, we get

”f(é )§(’7) || W(Lp/ (RZn),Lr’ (R21))

=
= 177

Lr’(RZVx) = Cl ”P;%XB

yid (R27)

Lr’(RZn) = Cl HF;(x)Ff(y) ||Lr/(R2”)

= Cu||IIf Xxsall 18 811

‘B
F

Y Cl”f”W(LP/,Lr/)HQHW(U’/,L’/) (2.40)

v

_ A
-Gl

for some C; > 0. So, we have £ (§)g(n) € W(L? (R?"), L” (R2")). By using the Hélder inequal-
ity, the Hausdorff-Young inequality and equality (2.40), we obtain

] f / FERAE + nym(E, n) dé di
R” JR?

= Cl ”h ”l Hf(é)é(’?) ” W(U’/ (R2n),17 (R21)) ”m” W (LP(R21),L7 (R21))
=< CullAlullf iy 1y 18 wr 1l e 2y o r2my)
< GGIAlw e, I 1w, g lwwe ooy lml w e @2ny, Lr@2m)

< G Collwslloo Il wize@em,ir@em) I wwr o) 18 lwwe ) 1l i )
@3

for some C; > 0. Therefore m € BM[W (p, r, w1; p, 1, wa; 00, 00, w3)] by Theorem 2.2.
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Now, we show that m € BM[W (p,r,w1;1,1, wq; P/, 7, w3)]. Again, using Fubini’s theorem,

we have

”f( V)h(u)” W (LY RZVI L’ (]R2n))

< (s || |V(—V)h(M)X(x,y)+A xB ”l}’/ (R27)

§id (R27)

= G| EA (=) ()

= C3 ” ”fX—x—A ”p’ ”hX)H-B ”p’ )i (R2m) Lr/(]RZn)

i |r’ =< C3C4|lfllw(lp’,Lr’)||h||W(Lp”Lr’) (24‘1)

=G| F;
for some Cs > 0, Cy > 0. So, f(—v)h(u) € W(LF (R?"),L” (R?")). Similarly, we have

(v, + ) gy g gam, romy < C5 1B 42 o

< GsCellmllw wp @an),Lrw2ny) (2.42)

for some Cs > 0, Cg > 0. That means m (v, u + v) € W(IP(R>*"),L"(R*")). We set £ + n=u
and & = —v. Then, by using the Holder inequality, the Hausdorff-Young inequality, (2.41)
and (2.42), we get

f/ h(g +m)m(E, n)dédn‘

= / / F()g(w + v)i(uw)m(—v, u + v) du dv
R” n

< “g”l”f( V)g(u ||W RZn)Lr RZn ||m( v,u+ V) ”W ]RZn)’Lr(RZn))

< C3C4C5C6||g”1”f”W(lp’yy’)”h”W(Uﬂ,Lr’)”m“W(IP(RZ”),L’(RZ”))

< C3C4C5C6C7||w3||oo||m||W(Ln(R2ﬂ),U(R2n))|[f||W(LP,Lg)l)||g||W(L1,ngz)||h||W(LP,L’71)'
“3

Thus, by Theorem 2.2, we obtain m € BM[W (p,r,w1;1,1, wy;p/, 7, w3)]. Similarly, if we
change the variables £ + n = and 1 = —v, then

[ [ Fereic + me.n s an

2(=v)hw)||m(u + v, )| dudv

=f
R

< C||w3||oo||m||W(M(RZ%),U(RZ"))|lf||W(Ll,LgOl)llgllmw,ng)||h||W(u’,LQI)-
“3
Hence m € BM[W (1,1, wi; p, 1, wa3 0,7, w3)].
We take p1, q1, ps and g3 such that 1 <p; <p,1<q <r,p' <p3 <ooandr < g3 < o0.
Since m € BM[W (p, 1, wy; p, 7, w33 00,00, w3)] and m € BM[W (1,1, wy; p, 1, wa; P/, 7', w3)], we
have m € BM[W (p1, q1, w1; p, > w2; P3, 3, w3)] by the interpolation theorem in [13, 14] such

that
1 1-6 6 1 0 0
— = + -, —=—+—, (2.43)
pp 1 IZEE S 4
1 1-6 6 1 0 0
— = + -, —=—+— (2.44)
qQ r 1 qs oo r
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for all 0 < 6 < 1. On the other hand, from equalities (2.43) and (2.44), we obtain

the equalities L _ L _lygpgt_ L1 Similarly, we take ps, g2, 73 and 53 such

o Pz p Q qs re
that 1 < p, <p, 1 <qy <r, p <73 <00 and ¥ < 33 < 0. Again, if we use m €
BM[W (p, r, wi; p, 1, wo; 00,00,w3)] and m € BM[W (p, 7, w1;1,1, wq; p', ¥, w3)], we have m €

BM[W (p, 7, w1; P2, G2, w25 73,53, ws3)] by the interpolation theorem in [13, 14] such that

1 1-6 6 1 1-6 ¢
R (2.45)
D2 )4 1 r3 o0 p
1 1-6 6 1 1-6 6
S L (246)
q> r 1 53 oo 7

for all 0 <6 < 1. So, from equalities (2.45) and (2.46), we have 1% - % = 1% and inz - % = %
Now, we choose py, p; such that 1 < p; < p; <pand 1 < p, < p; < p. Let these numbers

have the following conditions:

i_lz 1_@)(;_1>, (2.47)
1 P p1

i_lzu_@(i_l> (2.48)
b2 p2 p

for 0 < 6 < 1. Again, we choose g1, g suchthat 1 < gy < gy <rand1<g; < ¢, <r. Let
these numbers have the following conditions:

l_lz(_m<i_l> (2.49)
a1 r a1 r
i_1:(1_9)<~i_1) (2.50)
q2 q T

1 1-6 6 1 1-6 6
—=—+ -, — = + =, (2.51)
P p1 p b2 p P2
1 1-6 6 1 1-6 6
T i (2.52)

+ —.
q1 q1 r 7p) r q2

Moreover, using the equalities =~ — - =1 L _ 1
hoB PR B

=1(2.51) and the assumption L =
r 73

L1 _ 2 \eobtain

o ;op
1 1-6 ¢
— =+ . (2.53)
b3 V4 3
.. . el 1 1 _1 1 1 _1 . 1 _
Similarly, using the equalities TR AT Nl D (2.52) and the assumption 5
L+ L 2 we obtain
g
1 1-6 6
— = — + —. (254)
q3 q3 83

Since m e BM[W@lréhwl;P, r, a)Z;ﬁ?;xéS’w?)]r m e BM[W(P; r, wl;ﬁZréZ’ ?)2;;3;53; w?))]y
then the bilinear multipliers B,, : W(L"',LE) x W(L?,L;,) — W(L?3,LE) and B, :

Page 18 of 23
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W (LA, L), ) x W(LﬁZ,LZQZ) — W(L;3,Lf§3) are bounded. Also, since 1 < p; < p; <p, 1 <
G <q<r1<q,<qy<r,1=<p; <p,<p,byequalities (2.53) and (2.54) and by the inter-
polation theorem in [13], B,, : W(LP', LT ) x W(L??, L) — W (173, L%) is bounded. That
means m € BM[W (p1, q1, @1; P2, g2, @2; P3, g3, w3)]. This completes the proof. O

3 The bilinear multipliers space BM[W(p,(x), g1, ®1; p2(X), G2, @2; p3(X), g3, @3)]
Lemma 3.1 Let1 < p(x) < g < o0.
(@) Ifw is a slowly increasing weight function, then C2°(R") is dense in the weighted
variable exponent Wiener amalgam space W (LP®, LL).
(b) If w is a continuous, slowly increasing weight function, then C;°(R") is dense in the
weighted variable exponent Wiener amalgam space W(LP("),LZ),I).

This lemma can be proved easily by using the proof technique in Lemma 2.1.

Definition 3.1 Let p;(x), p2(x), p3(x) € P(R"), pf < 00, p} < 00, p§ < 00, p1(x) < q1, p2(x) <
q2, 1 < g3 < o0 and w;, wy, ws be weight functions on R”. Assume that w;, w, are slowly
increasing functions and m(&, 1) is a bounded, measurable function on R” x R”. Define

Bulf, ) = /R n /R F@©atme, e e dg dy

for all f,g € C°(R"). m is said to be a bilinear multiplier on R” of type (W (p1(x), g1, w1;
P2(%), g2, w23 p3(x), 3, w3)) if there exists C > 0 such that

“Bm(f’g) “ WW’W‘),L%’Q) < CIfI W(Lpl("),LZ}l) llgll W(pr)vLZzz)

for all f,g € C*(R"). That means B,, extends to a bounded bilinear operator from
WL, L) x W (L@, L12) to W(LP3@, LT). We denote by BM[W (p1(x), q1, w1; pa (%),

G2, w2; p3(x), g3, ws)] the space of all bilinear multipliers of type (W (p1(x),q1, w1; p2(x),
G2, 02;p3(x),q3, 3)) and

1721l (w (o1 (001,013 @2, 02303 (). 33,03)) = 1B Il

The following theorem can be proved easily by using Lemma 3.1 and the technique of
proof of Theorem 2.2.

Theorem 3.1 Let 1% + p,+x> =1, q% + qi, =1, q5 > p5(x), ps(—x) = ps(x) and ws be a contin-
3 3
uous, symmetric, slowly increasing weight function. Then m € BM[W (p1(x), q1, @1; p2(x), 42,

wy; p3(%), g3, w3)] if and only if there exists C > 0 such that

| f / FORNHE + nym(e,n) de di
R7? JR?

< CIfI W(U’l("’,LZﬁ) ”g”W(sz(x)’LZ)Zz)Hh”w(Lpé("),Lq%
.
3

1)
forallf,g,h e C(R").

Now we will give some properties of the space BM[W (p1(x), g1, @1; p2 (%), g2, w2; p3 (%),
qs,ws)]. Since some properties of usual Lebesgue spaces are not true in general in the vari-


http://www.journalofinequalitiesandapplications.com/content/2014/1/476

Kulak and Gurkanli Journal of Inequalities and Applications 2014, 2014:476 Page 20 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/476

able exponent Lebesgue spaces, like translation invariance, then also some properties of
the spaces BM[W (p1, g1, w1; p2, 42, w2; P, 43, w3)] do not hold true in general in the spaces
BM[W (p1(x), g1, @15 pa (%), g2, 02; p3(%), 43, w3)].

Theorem 3.2 If m € BM[W (p1(x), g1, 01; p2(%), @2, 025 p3(%), 43, 3)], then Tgyn0m €
BM[W (p1(x), g1, @1; p2 (%), G2, 02; p3(%), 43, w3)] and

I T, no) (W(p1(x),q1,01:2(%),q2,02;p3 (%),q3,03)) = Il W(p1(x),q1,01;p2 (%),92,02;p3 (x),43,03))
fOV all (fo, T]()) S R2",

Proof Let f,g € C°(R"). Then we have

IM-gof ly a1y = e OxeraO ol gy = W zrro,p2s)-

Similarly, the equality |M_,,g ”W(Lpz(x)'Lqu ) =lg ||W(Lp2(x),Lq22 ) is written. So, by using these
results and the assumption m € BM[W (p1(x), g1, w1; p2(%), 2, w2; p3(x), g3, w3)], we have

||BT($0,770)Wl(f!g) || W(Uag(x),LZBS)
= ||Bm(M—§0fyM—i’]0g) || W(Lp3(x>,LZ%)
=< ”Bm“”M_gﬂf”W(Lpl(x)vLZ}l)||M"70g”W(U’2("),LZ)22)

= ”B”"””f”W(Lpl("),LZ,ll)”g”W(LW("),LZJZZ)'

Thus Tz, € BM[W (p1(%), g1, w15 p2 (%), g2, w25 p3 (%), g3, w3)]. Moreover, by using the
same technique as in the proof of Theorem 2.4, we obtain

I T&0,n0) P21l (W (1 ().1,0132 (01,02, 02303 (5),a3,03)) = 1PN (W (),01,013 (00,02, 0233 (%),03,003)) - U

Theorem 3.3 Let m € BM[W (p1(x), g1, w1; p2(%), g2, w23 p3(%), g3, w3)]. Then & % m €
BM[W (p1(x), g1, @1; p2 (%), 2, w2; p3(x), g3, 3)], and there exists C > 0 such that

1P s 121l (w (o1 (). 1, 0102 (g2, 0203 (3)g3.03)) = CHN PN (W oy (). 01,0102 (3,42, 0203 (5),13,03))
for all ® € LY(R?").
Proof Take any f,g € C2°(R"). By Proposition 2.5 in [12], we know that

Boum(f,2)(x) = /Rn /R" ®(w,v)Bry, ,  m(f>8)(x) dudy. (3.1

Since m € BM[W (p1(x), g1, w1; p2(%), 42, 2; p3(X), g3, w3)], then by Theorem 3.2, T(,,)m in
the space BM[W (p1(x), q1, w1; p2 (%), g2, w25 p3 (%), g3, w3)] and

I Ty M1l (w (o1 (0,q1,01502 (09, g2,0203 @)3,03)) = 1P (W (1. (0,.010,01302 @), 2, 0203 (0).13,3))-
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Using (3.1) and the Minkowski inequality in [15], we find C > 0 such that

|Bown (o) yizpso i3,

) H ” </ / d)(u, V)BT(u,wm(f,g) du dV) Xz+Q
R” JR? o

<C [ 0Bl D0l s

p3(®)

= C/ / |q)(u; V)| HBT(u,v)m(flg) || W(IPS(x)YLZ):; ) du dV
R JR7 ]

= C/H;n Rn|q>(”’ V)|”T(ujv)m”BM[W(pl(x)yqlkupz(x)qu,wzws(x),qsvws)]

X yimo, 1) 1€l g ato 2, it v

= CllmllBMw (o1 (x).q1,0102 0)g2,02:03 (x),33,03)]

X Wl 2y 181w o 122 I @ (3.2)

Hence ® x m € BM[W (p1(x), q1, w1; p2 (%), g2, w2; p3(%), g3, w3)], and by (3.2) we have

D s 72| (W (1 (3),1.0013 (). 12,0023 (9),43,03))

< C” O] ”1 || m ” (W(p1(x),q1,01;p2 (%),q2,02;p3 (%),q3,03)) * |

1 1 1 1 _ / / _ H
Theorem 3.4 Let P ek 1, i - 1, g5 > ps(x), p3s(—x) = p3(x) and ws be a contin-
uous, symmetric, slowly increasing weight function. If V; € L}Ul (R"), Wy e L} ,(R") and m €

BM[W (1, q1, 0152, G2, 02; p3 (), g3, @3)], then Wy(&)m(E, n)W2(n) € BM[W (p1, q1, w15 pa,
q2, w23 p3(%), q3, w3)].

Proof Take any f,g,h € C°(R"). Then, by Theorem 2.10 in [10], we write the following:

/ FE&mhE + nym(g, n) dg dn‘ < f |h()Byu(f + W1,g % W) (y)]| dy.
R?” JR? R”

So, by Theorem 11.7.1 in [5] and inequalities (2.37), (2.38), there exists C > 0 such that

] / / FERAE +n) 0 E)m(&, m)ba () de dn|
RYI RVI

= ”h”WLpg(x)’ng_l) |Bin(f + W1, % W) | W(Lrs®,L5)
w

(

P3 (%

<Cl o o ; | Binf s W1, 8 W) 3y o 133
< C”h”W(Lpgw’sl) 1Bl I * W1l yy g 12118 * 2ll a1

= ClIBull W lhen 12110, I g zen 122y 1€ w zr2 2, 121

/ .
W(Lp3 (x) ’LqS 1 )
%)

Hence, U, (&)m(&, n)Wa(n) € BMIW (11, g1, @1; P2, g2, 025 p3(%), g3, w3)] by Theorem 3.1. O
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Theorem 3.5 Let m € BM[W (p1(x), q1, w1;p2(%), 42, w23 p3 (%), g3, w3)]. If Q1,Q2 C R" are
bounded sets, then

1
h(&,n) = m-//@x@ m(& +u,n+v)dudv

€ BM[ W (p1(%), q1, 01 p2(%), 42, 23 p3(%), g3, w3) |.

Proof Letf,g,h € CF(R") be given. The equality
B0 = oo [ B (g dud
Q) = ———— wm(f>2)(x) dudv
e w(Qr x Q2) JJ g xq, Teu-ym -8
is known by Theorem 2.9 in [10]. Using Theorem 3.2, there exists C > 0 such that

|Bu(f.9)| w3 L)

1
Y B, lf @) xesqdudy
HM’(QIXQ2) x/leQz T (fg #Q

B )
//(;IXQZ “ T(,u,,v)m(f g)XZ+Q||p3(x) s

o
= 1 5@ Moy Prcwnt§ 5l

@ )l
= Br_y (8 o) 43, Audv
w(Qr x Q2) JJo <, IBrcas lwars L)
1
= w(Qr x Qz)C/ /leQz T (s, | (W (1 (), 01,0132 (), 120203 (). 13,003)

X Hf”W(Lpl(x),Lgll)”g”W(l}’Z(x),LZ)ZZ)dudv

a3
w(Lrs) L33 )

dudy

C
< -
T u(Qi x Q)

= C||m|| (W (p1(x),q1,01:2 (%),q2,02;p3 (%),43,03)) ”f” W(Ll”l(x),LZ}l) lgll W(Lpz(x),LZ}z) .
Hence h(ér 77) eme BM[W(pl(x)r q1, W15 P2 (x)’ q2, 6021173(95): qs3, 0)3)] g

Theorem 3.6 Let r(x) < s(x), m(x) < q(x), n(x) < px), s <r,q<m,p <n, vz <w3, wy <

Uy, w1 < v;. Then

BM[ W (n(x), n, w1; m(x), m, w33 5(x), 5, w3) |

C BM[W(p(x),p, v1;q(%), g, va; r(x), 1, Ug)].

Proof Take any m € BM[W (n(x), n, wy; m(x), m, wy;5(x), s, ws)]. Then there exists C; > 0
such that

||Bm (.9 ” W), L3,) <Gl W(Lre),L ) gl W (L, L) (3.3)

On the other hand, by Proposition 2.5 in [7] we have W(Ls("),LfDB) - W/(L’("),Lgs),
WP, L%) ¢ W(L"™, L7 ) and W(L1™,LT,) € W(L™™,L},). So, there exist C, > 0,
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C3 > 0 and Cy > 0 such that

”Bm (f’g) ” W(Lr(x),L’U3) =G ||Bm(f,g) ” W(Ls(x),LZ,B)’ (3.4)

WAl wiere,ez ) < Callf e iz, (3.5)
and

Il w2y < Callgllwigatn o1, - (3.6)

Combining (3.3), (3.4), (3.5) and (3.6), we get

|Balfs @ v i) = GCCCallf o iz, I8l wigaeo 11,

That means m € BM[W (p(x), p, v1; q(x), q, v2; r(x), r, U3)]. Hence, we obtain BM[W (n(x),
n, w13 m(x), m, 2;5(x), s, w3)] C BM[W (p(x), p, v1;q(x), g, va; 7(x), 7, U3)]. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

"Department of Mathematics, Faculty of Arts and Sciences, Ondokuz Mayis University, Kurupelit, Samsun, 55139, Turkey.
2Department of Mathematics and Computer Sciences, Faculty of Science and Letters, istanbul Arel University, Tepekent,
Biytikcekmece, istanbul, Turkey.

Acknowledgements
This work was supported by the Ondokuz Mayis University, Project number PYO.FEN.1904.13.002.

Received: 9 September 2014 Accepted: 12 November 2014 Published: 27 Nov 2014

References
1. Gasquet, C, Witomski, P: Fourier Analysis and Applications. Springer, New York (1999)
2. Rudin, W: Fourier Analysis on Groups. Interscience, New York (1962)
3. Feichtinger, HG: Banach convolution algebras of Wiener type. In: Proc. Conf. Functions, Series, Operators, Budapest.
Collog. Math. Soc. Janos Bolyai, vol. 35, pp. 509-524 (1980)
4. Fischer, RH, Glrkanli, AT, Liu, TS: On a family of Wiener type spaces. Int. J. Math. Sci. 19(1), 57-66 (1996)
5. Heil, C: An introduction to weighted Wiener amalgams. In: Wavelets and Their Applications, pp. 183-216. Allied
Publishers, New Delhi (2003)
6. Kovacik, O, Rakosnik, J: On spaces [P% and W*P¥ Czechoslov. Math. J. 41(116)(4), 592-618 (1991)
7. Aydin, |, Gurkanl, AT: Weighted variable exponent amalgam spaces. Glas. Mat. 47(67), 165-174 (2012)
8. Murthy, GNK, Unni, KR: Multipliers on weighted spaces. In: Functional Analysis and Its Applications (International
Conference). Lecture Notes in Mathematics, vol. 399, pp. 272-291. Springer, Berlin (1973)
9. Dobler, T: Wiener Amalgam Spaces on Locally Compact Groups. Master’s thesis, University of Vienna (1989)
10. Kulak, ©, Gurkanl, AT: Bilinear multipliers of weighted Lebesgue spaces and variable exponent Lebesgue spaces.
J.Inequal. Appl. 2013, 259 (2013)
11. Feichtinger, HG: A characterization of Wiener’s algebra on locally compact groups. Arch. Math. (Basel) 29, 136-140
(1977)
12. Blasco, O: Notes on the spaces of bilinear multipliers. Rev. Union Mat. Argent. 50(2), 23-37 (2009)
13. Bennett, C, Sharpley, R: Interpolation of Operators. Academic Press, San Diego (1988)
14. Feichtinger, HG: Banach spaces of distributions of Wiener's type and interpolation. In: Proc. Conf. Funct. Anal. Approx.,
Oberwolfach, vol. 60, pp. 153-165. Birkhauser, Basel (1981)
15. Samko, SG: Convolution type operators in LP¥. Integral Transforms Spec. Funct. 7(1-2), 123-144 (1998)

10.1186/1029-242X-2014-476
Cite this article as: Kulak and Gurkanli: Bilinear multipliers of weighted Wiener amalgam spaces and variable
exponent Wiener amalgam spaces. Journal of Inequalities and Applications 2014, 2014:476



http://www.journalofinequalitiesandapplications.com/content/2014/1/476

	Bilinear multipliers of weighted Wiener amalgam spaces and variable exponent Wiener amalgam spaces
	Abstract
	MSC
	Keywords

	Introduction
	The bilinear multipliers space BM[W ( p1,q1,omega1;p2,q2,omega2;p3,q3, omega3 )]
	The bilinear multipliers space BM[W ( p1 (x ) ,q1,omega1;p2 ( x ) ,q2, omega2;p3 ( x ) ,q3,omega3 ) ]
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.440 793.440]
>> setpagedevice


