Available online at www.isr-publications.com/jmcs
J. Math. Computer Sci., 21 (2020), 120-126

Research Article

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

ATICS a
\\Q((\A“ ng 00
& %

&

yournal o
S
«

U108 3°

Pdsicanoss
Journal Homepage: www.isr-publications.com/jmcs

A class of second order nondifferentiable symmetric duality = ® checkfor updates
relations under generalized assumptions

Ramu Dubey?, Vandana®*, Vishnu Narayan Mishra®, Seda Karateke®

4Department of Mathematics, J.C. Bose University of Science and Technology, YMCA, Faridabad-121 006, India.

bpepartment of Management Studies, Indian Institute of Technology Madras, Chennai-600036, Tamil Nadu, India.

¢Department of Mathematics, Indira Gandhi National Tribal University, Lalpur, Amarkantak 484 887, Madhya Pradesh, India.
dDepartment of Mathematics and Computer Science, Faculty of Science and Letters, Istanbul Arel University, Istanbul-34537, Turkey.

Abstract

In this article, a pair of second-order nondifferentiable symmetric dual model in optimization problem is formulated over
arbitrary cones. For a differentiable function, we consider the definition of strongly K-pseudobonvexity convexity. Next, we
derive the appropriate duality results under aforesaid assumptions.
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1. Introduction

In the recent years, the analysis of multiobjective optimization problems has been a focal issue. Such
multiobjective optimization problems are useful mathematical models for the investigation of real-world
problems. Also many researchers motivated by works of the concept of second-order duality in nonlinear
problems, introduced by Mangasarian [10] have also worked in this area. The advantage of second-order
duality is considered over first-order as it gives more closer bounds. Hanson [8] in his study has cited one
example which demonstrates the application of second-order duality in somewhat different perspective.

In the last several years, several optimality and duality results have been obtained for multiobjective
fractional programming problems. Multiobjective fractional problem and its duality relations have been
assumed under higher-order (f, «, p, d)-convexity by Chen in [1]. Later on in [13], Suneja et al. derived the
higher-order Mond-Weir and Schaible type nondifferentiable dual programs and their duality theorems
under higher-order (f, p, 0)-type I-assumptions. Ying [15] studied higher-order multiobjective symmetric
fractional problem and formulated its Mond-Weir type dual and duality theorems were proved under
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higher-order (f, , p, d)-convexity assumptions. Many researchers have also worked in the same directions
(see [3-6, 9, 11, 14]).

The purpose of the present work is to study second order symmetric duality over arbitrary cones for
nondifferentiable type programs under strongly K-pseudobonvexity assumptions. The paper is organized
as follows. In Section 2, we present some relevant and basic preliminaries. In Section 3, we formulate
a nondifferentiable second order symmetric dual problem with cone constraints and derive appropriate
duality results under strongly K-pseodobonvexity assumptions.

2. Preliminaries and definitions

Definition 2.1 ([2]). Let C be a compact convex set in R™. The support function of C is defined by
s(x|C) = max{x"y :y € C}.

A support function, being convex and everywhere finite, has a subdifferential, that is, there exists a z € R™
such that s(y|C) > s(x|C) +zT (y — x)for every x € C. The subdifferential of s(x|C) is given by

ds(x|C) ={z € C:z"x = s(x|C)}.
For a convex set D C R™, the normal cone to D at a point x € D is defined by
Np(x) ={y e R":y'(z—x) £0,for all z € D}.
When C is a compact convex set, y € N¢(x) if and only if s(y|C) = x'y, or equivalently, x € ds(y|C).

Let X ¢ R™ and K C R* be a closed convex pointed cone with intK # ¢. Now, we consider the
definitions of K-pseudoinvex and K-pseudobonvex functions with respect to n.

Definition 2.2. A differentiable function f : X — R¥ is K-pseudoinvex at u € X with respect ton : X x X —
R™, if for every (x,p) € X x R™,

" (x, W) [V f(w)] ¢ int(K) = —[f(x) — f(u)] ¢ int(K).

Definition 2.3. A differentiable function f : X — R¥ is strongly K-pseudoinvex at 1 € X with respect to
n: X x X — R™, if for every (x,p) € X x R™,

' (x,w) [V f(u)] ¢ int(K) = [f(x) —f(u)] € K.

Definition 2.4. A differentiable function f : X — R¥ is K-pseudobonvex at u € X with respect to 1 :
X x X — R™, if for every (x,p) € X x R™,

—n" (%, WIVuf(w) + Viuf(wp] ¢ int(K) = —[f(x) — f(u) + %PTVuuf(u)P] ¢ int(K).

Definition 2.5. A differentiable function f : X — R¥ is strongly K-pseudobonvex at 1 € X with respect to
n: X x X — R™, if for every (x,p) € X x R™,

—1" (% WIViuf(w) + Vi f(wpl ¢ int(K) = [f(x) — f(u) + %PTVuuf(u)P] € K.

1
Remark 2.6. EpTVuuf (u)p represents the vector of components

1 1 1
<2pTvuuf1 (Wp, EPTVuufz(u)P), e 2pTvuufk(u)p> :
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Remark 2.7. For proving the strong and converse duality theorems, we need necessary conditions proposed
by Suneja et al. in [12]. They considered the the following multiobjective programming problem:

(VP) K-Minimize f(x),
subjectto Xp ={x e R": —g(x) € Q, x € C},

where f : R™ — Rk, g:R"™ = R™, CCR" Kand Q are closed convex cones with nonempty interiors in
R¥ and R™, respectively.

Definition 2.8. A point u € Xj is said to be a weak minimum of (VP), if there exists no other x € Xy such
that f(u) — f(x) € int(K).

Definition 2.9. The positive polar cone K* of K is defined as follows:
K*={z€RP:x"z>0,forall x € K}.
Lemma 2.10. If u € X is a weak minimum of (VP), then there exists & € K* and 3 € Q* not both zero such that
(&' Vf(u) + B Vg(u)T(x—u) >0, VxeC,
RTVg(u) =0.

3. Second-order nondifferentiable symmetric duality model

In this section, we formulate the following pair of second-order nondifferentiable symmetric dual
programs over arbitrary constraints:

1
(NSOP)K-Minimize W(x,y,r,p) = f(x,y) + s(x|B) —yTT — EpTVyyf(x,y)p,

Kk
subject to — Z A [Vy filx,y)—1i + Vyyfi(x,y)}p] e G,
i=1
k
y' [Z A <Vyﬂ(x,y) —Ti+ Vyyfi(X,y)Pﬂ >0,
i=1

k
a [Z M (v”fi(x’y) Tt Vyyfi(xly)pﬂ >0,
i=1

x € C;, T € F, A € int(K*),

(NSOD) K-Maximize T(u,v,t,q) = f(u,v) —s(V|F)+ u't— %qTVuuf(u,v)q,
k
subject to Z Ai [Vufi(u,v) + 1ty + Vuufi(u,v)q} € (i, (3.1)
i=1
k
u'’ [Z At (Vufi(u,v) +t+ Vuufi(u,v)qﬂ <0, (3.2)
i=1
k
q" [Z A (vufi(u,v) . vuufi(u,v)q)] <o, (33)
i=1

ve Cy teB, Aeint(K*),

where C; and C; are closed convex cones with non-empty interiors in R™ and R™, respectively. C; and
C3 are positive polar cones of C; and Cy, respectively, and f : R™ x R™ — R¥ is differentiable function.
Let R? and S be feasible solution of (NSOP) and (NSOD), respectively.



R. Dubey, Vandana, V. N. Mishra, S. Karateke, J. Math. Computer Sci., 21 (2020), 120-126 123

Theorem 3.1 (Weak duality theorem). Let (x,y,A,7,p) € R and (u,v,\,t,q) € SO. Let

(i) f(.,v) be strongly K-pseudobonvex and (.)"t be strongly K- psedoinvex at \ with respect to n;
(ii) —f(x,.) be K-pseudobonvex and (.)"r be K- psedoinvex at y with respect to &;
(iii) n(x,u) +u+q € Cy forall x € Cy;
(iv) EVv,y)+y+p e Cyforally € Cy.

Then
T(u,v,A\t,q) —W(x,y, A 1,p) € int(K).

Proof. Suppose, on contrary
T(u,v,At,q) —W(x,y, A, 1,p) € int(K),

ie.,

1
{fwv) = s(vIF) +ult— 2" Vo flu,v)q

(3.4)
1 .
— (f(x,y) + s(x|B) —yTr— EpTVyyf(x,y)p)} € int(K).
From, hypothesis (iii) and (3.1), we obtain
k
mxw+u+q)’ [Z A (Vaufi(u,v) +t + Vuufi(U,V)C])] >0,
i=1
k k
n'(x,u) [Z A (Vafi(w,v) + 1t + vuufi(ulv)q>:| > —(u+q) [Z A (Vufi(u,v) + ti + Vi fi(w,v)q) |,
i=1 i=1
which on using (3.2) and (3.3), it yields
k
n'(x,u) [Z Ai <Vuf1(u,v) +ti + Vuufi(u,V)Q>] >0
i=1
or
k
Z Ai <nT(x, uw) [V fi(u,v) 4+t + Vuufi(u,V)q]> > 0. (3.5)
i=1
Since A € int (K*), we have
" (%, W) [Vuf(w,v) + t+ Viuf(u,v)q] ¢ int(K). (3.6)

From hypothesis (i), we obtain
[f(x,v) —f(u,v) + %qTVuuf(u,v)q} e K

and
xTt—u't] e K.

Combining above inequalities, we get

[f(x,v) +x"t—f(u,v) —u't+ %qTVuuf(u,v)q] e K. (3.7)
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From (3.6) and (3.7), we get
1
[f(x,v) +x"t—f(u,v) —u't+ Equuuf(u,v)q] € K. (3.8)
Similarly, using hypothesis (iii) and primal constraints, it follows that
£' (v, y) [Vyf(x,y) =1+ Vyyf(x,y)p] € int(K).
Again, from hypothesis (ii), we obtain
1
[—f(x,y) —|—yTT +f(x,v)—vir+ EpTVyyf(x,y)p] ¢ int(K). (3.9)

Adding inequalities(3.4)-(3.8) and using the fact that xTt < s(x|B) and v'r < s(v[F), we have

1 .
[—f(x,y) +y'r+f(x,v)—vir+ EpTVyyf(x,y)p] € int(K),
which contradicts (3.9). Hence the result is obtained. O

Theorem 3.2 (Weak duality theorem). Let (x,y,A,7,p) € R and (u,v, A\ t,q) € SO Let

(i) f(.,v) be K-pseudobonvex and ()Tt be K-psedoinvex at w with respect to 1,

(ii) f(x,.) be strongly K-pseudoconcave and (.)"r be strongly K- psedoincave at y with respect to &;
(iii) n(x,u)+u+q e Cy forall x € Cy;
(iv) Ev,y)+y+pe Co forally e Co.

Then
T(LL, v, t/ q) - W(X/U/ T, p) ¢ Int(K)
Proof. The proof is clear from Theorem 3.1. O

For proving the strong and converse duality results, it is convenient to rewrite the (NSOP) and (NSOD)
in the given form.

. 1
(NSOP) K-Minimize W(x,y,r,p) = <f1(x,y) + s(x|B1) —yTr1 — EpTVyyfl(x,y)p, fa(x,y)
1
+s(xIBz) —y'r2 — EPTVyyfz(x,y)P,...,fk(x,y) + s(x[Bx)

1
—y'ry — EPTVW fk(x,y)p>,

k
subject to — Z A [Vyfi(xfy) —Ti+ Vyyfi(x,y)}p} € Cs,
i=1
k
y' {Z?‘i <Vyfi(x,y) —Tit vyyfi(x,y)p) >0,
i=1

k
p' [ZM (Vyfi(xly) —Ti+ Vyyfi(x,y)pﬂ >0,
i=1

x€C, 1i€F (i=1,2,...,k), A €int(K*),

(NSOD) K-Maximize T(u,v,t,q) = <f1 (u,v) —s(v|Fy) + u't — %qTVuufl (w,v)q, f2(u,v)
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1
—s(v|F) +u't, — EqTVuufz(u,v)q, o, Tre(w,v) — s(vF)

1
+ulty — quVuufk(u,v)q>,

k
subject to Z Ai [Vufi(u,v) +t; + Vuufi(u,v)q] e Cy,
i=1
k
u’ [Z Ai (Vufi(u,v) +t + Vuufi(u,v)qﬂ <0,
i=1

K
T [Z Aq <Vufi(u,v) +t + Vuufi(u,\’)q>] <0,
i—1

1
ve(Cy ti€By (i=1,2,...,k), A €int(K*).

Theorem 3.3 (Strong duality theorem). Let (%, 9, T, p) be a weak minimum of (NSOP), and fix A = X in (NSOD).
Assume that
(i) for every (v,q
i=1,2,...,k;
(i) {Vwufi(w, )} is nonsingular, for everyi=1,2,...,k;
(iii) if §" [V fi(@,v) + i + Viuufi(@,9)gll =0, then § = 0;
(iv) Rk c K.
Then, there exists T € F such that (%,7,T,P) is a weak minimum for the problem (NSOD).

)€ X xR™, v e Cp, {Vulfit,, V) + 11 + Vuufi(W,v)q} is linearly independent, for ever
q y 4 Y

Proof. The proof of strong duality theorems follows almost same lines given by [7]. 0

Remark 3.4. In case of symmetric programming problem, the proof remains the same as strong duality
theorems.

Theorem 3.5 (Strict converse duality theorem). Let (1, V,1, q) be a weak minimum of (NSOD), and fix A = A
in (NSOP). Assume that

(i) for every (x,p) € X xR™, y € Cy, {Vy(fiX,§) — Ti + VyyTi(X,§)p} is linearly independent for ever
Yy \xp Y y Y yy Y y p Y

i=12,...k
(ii) {Vyyf (X,9)} is nonsingular, for every i =1,2,...,k;
(iil) if pT[Vyfi(%,9) — T + Vyyfi(%,9)p} =0, thenp =0;
(iv) Rk C K
Then, there exists t € B such that (4, v, 1, q) is a weak minimum for the problem (NSOD).
Proof. The proof is obvious from Theorem 3.3. O
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