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Abstract: The decays D → K−π+π+π− and D → K−π+π0 are studied in a sample
of quantum-correlated DD̄ pairs produced through the process e+e− → ψ(3770) → DD̄,
exploiting a data set collected by the BESIII experiment that corresponds to an integrated
luminosity of 2.93 fb−1. Here D indicates a quantum superposition of a D0 and a D̄0

meson. By reconstructing one neutral charm meson in a signal decay, and the other in
the same or a different final state, observables are measured that contain information on
the coherence factors and average strong-phase differences of each of the signal modes.
These parameters are critical inputs in the measurement of the angle γ of the Unitarity
Triangle in B− → DK− decays at the LHCb and Belle II experiments. The coherence
factors are determined to be RK3π = 0.52+0.12

−0.10 and RKππ0 = 0.78 ± 0.04, with values for
the average strong-phase differences that are δK3π

D =
(
167+31
−19

)◦
and δKππ0

D =
(
196+14
−15

)◦
,

where the uncertainties include both statistical and systematic contributions. The analysis
is re-performed in four bins of the phase-space of the D → K−π+π+π− to yield results
that will allow for a more sensitive measurement of γ with this mode, to which the BESIII
inputs will contribute an uncertainty of around 6◦.
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1 Introduction

In the Standard Model, CP violation is described by the irreducible complex phase of
the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [1, 2]. This matrix can be
represented geometrically by the Unitarity Triangle in the complex plane, with angles α,
β and γ (also denoted φ2, φ1 and φ3). The angle γ, equal to arg(−VusVub∗/VcsVcb∗) at
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O(λ4) ∼ 10−3, is of particular interest, as it can be measured with negligible theoretical
uncertainty in decays of the class B− → DK−, where D represents a superposition of D0

and D̄0 mesons reconstructed in a final state common to both. The γ sensitivity arises from
the phase difference between the b→ u and b→ c amplitudes, which manifests itself in an
interference term in the partial width. These decays are mediated by tree-level amplitudes
and thus their rates are not expected to deviate from the Standard Model prediction.
In contrast, other observables that can be used to infer γ involve loop-level amplitudes,
which are sensitive to non-Standard-Model processes. Comparison between the two sets of
measurements therefore provides a powerful method to probe for new physics beyond the
Standard Model.

An important category of charm decays with which to perform B− → DK− measure-
ments is D → K−nπ, where nπ signifies n ≥ 1 pions [3, 4].1 Here the final state can be
accessed either by the Cabibbo-favoured (CF) amplitudes of a D0 decay, or the doubly
Cabibbo-suppressed (DCS) amplitudes of a D̄0 decay, or either of these amplitudes in con-
junction with those responsible for D0-D̄0 oscillations. In the case of final states where
n ≥ 2, such as D → K−π+π+π− or D → K−π+π0, the interference term involving γ is also
dependent on the variation of the D0 and D̄0 decay amplitudes over the multi-body phase
space. Inclusive measurements that integrate over this phase space can be interpreted in
terms of γ provided that three charm hadronic parameters are known. Generalising for
the decay D → S, where S denotes a K−nπ final state, these parameters are the coher-
ence factor RS , and the amplitude ratio rSD and CP -conserving strong-phase difference δSD
between the CF and DCS amplitudes averaged over phase space [5]:

RSe
−iδS

D =
∫
A?S(x)AS̄(x)dx

ASAS̄
and rSD = AS̄/AS . (1.1)

Here AS(x) is the decay amplitude of D0 → S at a point in multi-body phase space
described by parameters x and A2

S =
∫
|AS(x)|2dx, with equivalent definitions for the

D0 → S̄ amplitude. (The amplitudes are normalised such that, in the absence of oscilla-
tions, A2

S corresponds to the branching ratio of the D0 meson into mode S.) Maximum
(zero) interference in the term sensitive to γ occurs in the limiting case RS = 1 (0). The
parameter rSD is of the order λ2 ≈ 0.06 for D → K−nπ decays.

Strong constraints exist on the values of rSD from measurements of branching fractions.
The coherence factors and strong-phase differences may be determined through decays of
quantum-correlated DD̄ pairs produced in e+e− collisions at the ψ(3770) resonance. The
decay rate of a D meson into the final state of interest is modified from the uncorrelated
expectation if the other meson is observed to decay into a CP eigenstate, or indeed any
final state that is not flavour specific. These modifications are dependent on the hadronic
parameters, and so observables measured in ψ(3770) decays can be used to determine RD
and δSD. This strategy has been pursued on a data set corresponding to an integrated lumi-
nosity of 0.81 fb−1 collected by the CLEO-c detector [6–8]. Complementary information on
the hadronic parameters may be obtained from measurements of D0-D̄0 oscillations above

1Throughout the discussion charge conjugation is implicit, but it should be noted that both charge
configurations B− → (K−nπ)DK

− and B− → (K+nπ)DK
− may be exploited in the measurement of γ.
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charm threshold [9]. Here the coherence factor dampens the oscillation signal with respect
to that which occurs for the two-body mode D → K−π+. Such a measurement has been
performed by the LHCb collaboration for D → K−π+π+π− [10], which, when combined
with the results from the CLEO-c data set, yields RK3π = 0.43+0.17

−0.13, δK3π
D =

(
128+28
−17

)◦
,2

and rK3π
D = (5.49± 0.06)× 10−2. The equivalent parameters for D → K−π+π0 are deter-

mined to be RKππ0 = 0.81±0.06, δKππ0
D =

(
198+14
−15

)◦
and rKππ0

D = (4.47±0.12)×10−2 [8].
Measurements of CP asymmetries and associated observables in B− → DK− decays

using these modes have been performed by LHCb, with data collected during Run 1 of
the LHC [11–13], and by Belle [14]. The measurements are interpreted using the reported
values of the hadronic parameters to obtain constraints on the value of γ and related
parameters of the b-hadron decay. In these interpretations the uncertainties associated with
the knowledge of the D hadronic parameters are currently smaller than those associated
with the finite size of the b-decay samples, but this will no longer be the case with larger
Run 2 data set now under analysis at LHCb, and the data sets that both LHCb and Belle
II expect to collect over the coming years [15–17]. Therefore, more precise measurements of
the D hadronic parameters are essential to enable improved knowledge of the angle γ. Such
measurements, when obtained at charm threshold, will also be valuable for interpretation
of D0-D̄0 oscillation measurements performed at higher energies.

It is noteworthy that the coherence factor of D → K−π+π+π− is low, which is an
attribute that dilutes its sensitivity to γ in a B− → DK− analysis. In order to ameliorate
this problem, it is advantageous to partition the phase space of the decay into regions of
higher individual coherence, with well-separated values of average strong-phase difference,
A binning scheme to achieve this goal has recently been proposed, based on input from
D0 → K−π+π+π− and D0 → K+π−π−π+ amplitude models constructed by LHCb [18].
Interpreting the b-decay properties within these bins requires corresponding binned infor-
mation for the D hadronic parameters. Initial measurements of these binned parameters
has been performed using the CLEO-c data set, but these are rather imprecise [19]. Once
more, improved measurements are desirable.

In this paper measurements are reported of the coherence factor and average strong-
phase differences ofD → K−π+π+π− andD → K−π+π0 decays, integrating over the phase
space of both modes. Results are also presented in bins of D → K−π+π+π− phase space.
The analysis exploits a data set equivalent to an integrated luminosity of 2.93 fb−1 [20, 21]
delivered by the BEPCII collider and collected by the BESIII experiment in e+e− colli-
sions at a collision energy of 3773MeV. The definition of the measured observables and
their relationship to the underlying physics parameters is given in section 2. The BESIII
detector is described in section 3, together with information concerning the Monte Carlo
simulation samples used. The event selection is presented in section 4. The values of the
measured observables, the fit to the hadronic parameters, and the assignment of system-
atic uncertainties are discussed in section 5. Section 6 assesses the impact of the results on
measurements of γ in B− → DK− decays, and a summary is given in section 7.

2In this paper strong-phase differences and expressions are given in the convention CP |D0〉 = |D̄0〉.
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2 Formalism and measurement strategy

Consider a DD̄ pair produced in e+e− collisions at the ψ(3770) resonance, where one charm
meson decays into the signal mode S, either K−π+π+π− or K−π+π0, and the other decays
into a tagging mode, denoted T . The two mesons are produced in a C-odd eigenstate and
their decays are quantum correlated, with a rate given by

Γ(S|T ) =
∫ ∫

|AS(x)AT̄ (y)−AS̄(x)AT (y)|2dxdy

=
[
A2
SA

2
T̄

+A2
S̄
A2
T−

2RSRTASAS̄ATAT̄ cos (δTD − δSD)
]

= A2
SA

2
T

[
(rSD)2 + (rTD)2 − 2RSRT rSDrTD cos (δTD − δSD)

]
. (2.1)

Note that in general the tagging mode may be a multi-body decay, and therefore has
its own coherence factor RT , average amplitude ratio rTD and strong-phase difference δTD.
Throughout the discussion it is assumed that CP violation can be neglected in the charm
system. In addition, eq. (2.1) omits terms of order O(x2, y2) ∼ 10−5 associated with
D0-D̄0 oscillations, where x and y are the usual mixing parameters [22]. These are safe
approximations at the current level of experimental precision.

When both S and T are reconstructed the event is said to be double-tagged. Three
separate classes of tag are employed in the analysis: CP tags, like-sign tags and K0

Sπ
+π−

tags. These are described for the global measurement, integrated over the full phase space
of the signal decay, and then discussed for the case where the D → K−π+π+π− phase
space is binned.

2.1 CP tags

In the case when the tagging mode is a CP eigenstate, then rTD = 1, RT = 1, and δTD = 0
or π, and eq. (2.1) becomes

Γ(S|CP ) = A2
SA

2
CP

(
1 + (rSD)2 − 2λRSrSD cos δSD

)
, (2.2)

with CP indicating a specific mode with eigenvalue λ (λ = +1 when δTD = 0 and −1 when
δTD = π). Some self-conjugate decay modes are not pure CP eigenstates, but are known
to be predominantly CP even or CP odd. Then eq. (2.2) continues to apply with the
substitution λ = (2F T+ − 1), where F T+ is the CP -even fraction of the decay. The most
striking known example is D → π+π−π0, where F πππo

+ is in excess of 95% [23, 24].
It is useful to define the observables ρSCP±, which are the ratios of the number of

CP -tagged signal events to the number expected in the absence of quantum-correlations:

ρSCP± ≡
N(S|CP ) +N(S̄|CP )

2NDD̄ B (D0 → CP )
[
B (D0 → S) + B

(
D0 → S̄

)] . (2.3)

Here N(S|CP ) (N(S̄|CP )) is the number of decays of channel S (S̄) tagged with a CP
eigenstate after efficiency correction, NDD̄ is the produced number of neutral DD̄ pairs in
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the sample and B(D0 → X) is the branching fraction of a D0 meson into state X. The
observable ρSCP+ (ρSCP−) corresponds to the case when the CP tag is even (odd).

In relating the squared amplitudes to branching fractions it is necessary to include
corrections arising from D0-D̄0 oscillations. Initially keeping terms to O

(
r2
D, x

2, y2), the
below relations apply:

B(D0 → S) = A2
S

(
1−RSrSD(y cos δSD + x sin δSD) + (y2 − x2)/2

)
, (2.4)

B(D0 → S̄) = A2
S

(
(rSD)2 −RSrSD(y cos δSD − x sin δSD) + (x2 + y2)/2

)
, (2.5)

B(D0 → CP ) = A2
CP

(
1− λy + y2

)
, (2.6)

where it is noted that both x and y are of magnitude ∼ rSD/10 [25]. It thus follows that

ρSCP± =

(
1 + (rSD)2 ∓ 2rSDRS cos δSD

)
(
1∓ y + (rSD)2 − 2rSDRSy cos δSD

) . (2.7)

This and subsequent expressions are now written to O
(
r2
D, x, y

)
. In order to combine the

information from ρSCP+ and ρSCP− into a single, CP -invariant, parameter, it is convenient
to define

∆S
CP ≡ ±

(
ρSCP± − 1

)
, (2.8)

so that
∆S
CP = y − 2rSDRS cos δSD. (2.9)

In practice, the precision of the measurement of ρSCP± with many CP eigenstates is
limited by the uncertainty on the branching fraction of the tagging mode. This problem can
be largely circumvented by re-expressing ρSCP in a manner which involves N(K∓π±|CP ),
the efficiency-corrected yield of D → K∓π± decays tagged by the same CP eigenstate:

ρSCP± = N(S|CP ) +N(S̄|CP )
N(K−π+|CP ) +N(K+π−|CP ) ·

B(D0 → K−π+) + B(D0 → K+π−)
B(D0 → S) + B(D0 → S̄)

· ρKπCP±.

(2.10)
The values of ρKπCP± can be calculated from eq. (2.7) with a precision of 0.5%.

2.2 Like-sign tags

Consider the case where the tagging mode is also a flavoured final state of the category
K−nπ, for example K−π+, K−π+π+π− or K−π+π0, and the charge of the kaon in the
tagging mode is the same as that of the signal.

In the case where the signal and tagging mode are identical eq. (2.1) reduces to

Γ(S|S) = A2
SA

2
S̄

[1−R2
S ]. (2.11)

Again, an observable is constructed that expresses the ratio of the number of efficiency-
corrected double-tagged events, N(S|S) and N(S̄|S̄), to the expectation without quantum
correlations:

ρSLS ≡
N(S|S) +N(S̄|S̄)

2NDD̄ B(D0 → S)B(D0 → S̄)
. (2.12)
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Since quantum-correlation effects are negligible in opposite-sign double tags, it is experi-
mentally advantageous to determine this observable through the equivalent expression:

ρSLS = N(S|S) +N(S̄|S̄)
2N(S|S̄)

(
B(D0 → S̄)/B(D0 → S)

) . (2.13)

Consideration of eq. (2.1), eq. (2.11) and the relationship between the squared amplitudes
and branching ratios leads to

ρSLS = (1−RS)2

1−RS
(
(y/rSD) cos δSD − (x/rSD) sin δSD

)
+ (x2 + y2)/(2[rSD]2)

, (2.14)

from which it may be seen that this observable has high sensitivity to the coherence factor.
When the tag is the two-body modeD → K−π+ then RT = 1 and the other parameters

rKπD and δKπD are well known from measurements of D0-D̄0 oscillations. The case S =
K−π+π+π− and T = K−π+π0 carries simultaneous information on both multi-body signal
modes of interest. The quantum-correlation effects in these double tag can be studied
through the observables

ρST,LS ≡
N(S|T ) +N(S̄|T̄ )

2NDD̄

(
B(D0 → S)B(D0 → T̄ ) + B(D0 → S̄)B(D0 → T )

) , (2.15)

where T 6= S. Again, it is beneficial to take advantage of the yields of opposite-sign double
tags and to evaluate the equivalent expression

ρST,LS = N(S|T ) +N(S̄|T̄ )(
N(S|T̄ ) +N(S̄|T )

) (
B(D0→T̄ )
B(D0→T ) + B(D0→S̄)

B(D0→S)

) . (2.16)

It follows from eq. (2.1), eq. (2.15) and the branching-ratio relations that

ρST,LS =
(
1 + (rSD/rTD)2 − 2(rSD/rTD)RSRT cos(δTD − δSD)

)
/(

1 + (rSD/rTD)2 −RT ([y/rTD] cos δTD − x/rTD] sin δTD)−

RS([yrSD/(rTD)2] cos δSD − [xrSD/(rTD)2] sin δSD) + (x2 + y2)/(rTD)2
)
. (2.17)

2.3 K0
Sπ

+π− tags

The self-conjugate decay mode D → K0
Sπ

+π− has been extensively studied at charm
threshold, and measurements have been performed by both the CLEO and BESIII Collab-
orations [26–28] of the strong-phase variation over the phase space of the three-body final
state.

The Dalitz plot of the decay has axes corresponding to the squared invariant masses
m2
− = m(K0

Sπ
−)2 and m2

+ = m(K0
Sπ

+)2 for each K0
S and pion combination. Eight pairs of

bins are defined, symmetric about the line m2
− = m2

+, such that the bin number changes
sign under the exchange (m2

−,m
2
+)↔ (m2

+,m
2
−). The bins are labelled −8 to 8 (excluding

0), with the positive bins lying in the region m2
+ > m2

−. The strong-phase difference

– 6 –
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Figure 1. Dalitz plot of D → K0
Sπ

+π− decays showing the equal-∆δD binning scheme.

between symmetric points in the Dalitz plot is given by ∆δK
0
Sππ

D ≡ δ
K0

Sππ
D (m2

+,m
2
−) −

δ
K0

Sππ
D (m2

−,m
2
+). The bin boundaries are chosen such that each bin spans an equal range

in ∆δK
0
Sππ

D (the ‘equal-∆δD binning scheme’), as shown in figure 1 where the variation in
∆δK

0
Sππ

D is assumed to follow that predicted by an amplitude model [29].
Measurements performed with quantum-correlated DD̄ pairs determine the actual

strong-phase difference within each Dalitz bin. More precisely, what are measured are
ci, the cosine, and si, the sine of the strong-phase difference weighted by the D-decay
amplitude in bin i:

ci ≡
∫
i dm2

+ dm2
− |AK0

Sππ
(m2

+,m
2
−)||AK0

Sππ
(m2
−,m

2
+)| cos ∆δK

0
Sππ

D (m2
+,m

2
−)√∫

i dm2
+ dm2

− |AK0
Sππ

(m2
+,m

2
−)|2

∫
i dm2

+ dm2
− |AK0

Sππ
(m2
−,m

2
+)|2

, (2.18)

with an analogous expression for si.
When employing D → K0

Sπ
+π− as a tag mode it is also necessary to know Ki, which

is the probability of a single D0 decay occurring in bin i with no requirement on the decay
of the other charm meson in the event:

Ki =
∫
i dm2

+dm2
−|AK0

Sππ
(m2

+,m
2
−)|2∑

j

∫
j dm2

+dm2
−|AK0

Sππ
(m2

+,m
2
−)|2 , (2.19)

where the sum in the denominator is over all bins. This quantity may be measured in
flavour-tagged decays, either at charm threshold or at higher energies (although in the latter
case small corrections must be applied to account for the effects of D0-D̄0 oscillations [30]).

Events where one meson decays to K−nπ (K+nπ) and the other to K0
Sπ

+π− are
labelled with a negative (positive) bin number if m2

− < m2
+ (m2

− > m2
+). With these

definitions, it can be shown from eq. (2.1) that, with uniform acceptance over the Dalitz
plot, the yield of double-tagged events is given by

Y S
i = H

(
Ki +

(
rSD

)2
K−i − 2rSDRS

√
KiK−i

[
ci cos δSD − si sin δSD

])
, (2.20)

where H is a bin-independent normalisation factor.
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In principle, the channel D → K0
Lπ

+π− may be employed as a tagging mode in an
analogous manner. However, the Ki factors for this decay are less well known than those
for D → K0

Sπ
+π−, and limit the sensitivity of this tag. Hence only the D → K0

Sπ
+π− tag

is used in the current analysis.

2.4 Binning the D → K−π+π+π− phase space

In ref. [19] it is demonstrated how the sensitivity to γ in B− → DK−, D → K−π+π+π−

decays can be enhanced by dividing the phase space of the D decay into bins, each with
its own coherence factor and strong-phase difference. A binning scheme is proposed based
on the resonance sub-structure of the CF and DCS decays as modelled in the LHCb study
reported in ref. [18]. The phase space is divided into four bins, each of which span a variation
in the strong-phase difference between the D0 and D̄0 decay amplitudes. The boundaries
are chosen to equalise the product of the integrated CF amplitude and integrated DCS
amplitude between bins, which is a metric that is shown to optimise the γ sensitivity. In this
binning scheme a small region of phase space is excluded where the invariant mass of π+π−

pairs lies close to the mass of the K0
S meson. This is done in order to exclude background

from D → K0
SK
−π+ decays, and, according to the amplitude models, rejects 5% of the

signal. The phase space of D → K−π+π+π− decays is five-dimensional, and therefore there
is no convenient way to visualise the bins. However, the bin in which each decay lies can be
unambiguously assigned through knowledge of the four-momenta of the final-state particles.

The observables discussed may be determined within each bin in an identical manner
to the global case, giving four measurements each for ρSCP±, ρSF,LS and Y S

i . For ρK3π
LS , where

the signal and tag decays are both D → K−π+π+π−, ten distinct measurements can be
performed.

3 Detector and simulation samples

The BESIII detector is a magnetic spectrometer [31] located at the Beijing Electron
Positron Collider (BEPCII) [32]. The cylindrical core of the BESIII detector consists of a
helium-based multilayer drift chamber (MDC), a plastic scintillator time-of-flight system
(TOF), and a CsI(Tl) electromagnetic calorimeter (EMC), which are all enclosed in a super-
conducting solenoidal magnet providing a 1.0T magnetic field. The solenoid is supported
by an octagonal flux-return yoke with resistive plate counter muon-identifier modules inter-
leaved with steel. The acceptance of charged particles and photons is 93% of the 4π solid an-
gle. The charged-particle momentum resolution at 1 GeV/c is 0.5%, and the specific energy
loss (dE/dx) resolution is 6% for electrons from Bhabha scattering. The EMC measures
photon energies with a resolution of 2.5% (5%) at 1GeV in the barrel (end-cap) region.
The time resolution of the TOF barrel section is 68 ps, while that of the end cap is 110 ps.

Simulated samples produced with the geant4-based [33] Monte Carlo package, which
includes the geometric description of the BESIII detector and the detector response, are
used to determine the detection efficiencies and to estimate the backgrounds. The simula-
tion includes the beam-energy spread of 0.97MeV and initial-state radiation (ISR) in the
e+e− annihilations modelled with the generator kkmc [34]. The inclusive Monte Carlo

– 8 –
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samples consist of the production of D0D̄0 and D+D− pairs from decays of the ψ(3770),
decays of the ψ(3770) to charmonia or light hadrons, the ISR production of the J/ψ and
ψ(3686) states, and the continuum processes incorporated in kkmc [34]. The equivalent
integrated luminosity of the inclusive Monte Carlo samples is about ten times that of the
data. The known decay modes are modelled with evtgen [35, 36] using branching frac-
tions taken from the Particle Data Group [37], and the remaining unknown decays from
the charmonium states with lundcharm [38, 39]. The final-state radiation (FSR) from
charged final-state particles is incorporated with the photos package [40]. The signal pro-
cesses are generated separately taking the spin-matrix elements into account in evtgen.
The signal mode D → K−π+π0 is generated with a resonant sub-structure which matches
that of the CF process reported in ref. [37]; for the decay D → K−π+π+π− the simulated
events are re-weighted so that the invariant-mass distributions agree with those produced
by the CF model of ref. [18]. Sample sizes of 200,000 events are simulated for each class
of double tag, apart from the case where the tagging mode is D → K0

Sπ
+π−, for which

400,000 events are produced for each signal channel.

4 Event selection and yield determination

4.1 Selection of double-tagged events

In order to determine the observables introduced in section 2, double-tagged samples are
collected by reconstructing one charm meson in its decay to a signal mode, and the other
charm meson in its decay to a tag mode, which is classed as either flavour, CP , or self-
conjugate. Flavour tags can be divided into like sign, where the kaon is of the same
sign as the signal mode, or opposite sign. The latter category is used for normalisation
purposes. Six categories of CP -even tags are reconstructed, including the quasi-eigenstate
modeD → π+π−π0, and six CP -odd tags. Events containing bothD → K−π+ and CP tags
are also reconstructed for normalisation purposes. The self-conjugate category contains
one tag mode D → K0

Sπ
+π−. The full list of tags used in the analysis is given in table 1.

Events containing a K0
L meson are reconstructed using a missing-mass technique, discussed

below. All other double-tagged events are fully reconstructed. CP -violation and matter-
interaction effects within the neutral-kaon system are not considered because their impact
on the measurements is negligible in comparison to the experimental sensitivity. Those
mesons that decay within the detector are reconstructed through the modes: K0

S → π+π−,
π0 → γγ, η → γγ and π+π−π0, ω → π+π−π0, η′ → π+π−η and γπ+π−, and φ→ K+K−.

Selected charged tracks must satisfy | cos θ| < 0.93, where θ is the polar angle with
respect to the beam axis. The distance of closest approach of the track to the interaction
point (IP) is required to be less than 10 cm in the beam direction and less than 1 cm in the
plane perpendicular to the beam, except for tracks from K0

S candidates where the closest
approach to the IP is required to be within 20 cm along the beam direction. Separation of
charged kaons from charged pions is implemented by combining the dE/dx measurement
in the MDC and the time-of-flight information from the TOF. This information is used to
calculate the probabilities PK and Pπ for the K and π hypothesis, respectively, and the
track is labelled a K (π) candidate if PK > Pπ (Pπ > PK).
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Flavour
Like sign K−π+π+π−, K−π+π0, K−π+

Opposite sign K+π−π−π+, K+π−π0, K+π−

CP
Even K+K−, π+π−, K0

Sπ
0π0, K0

Lπ
0, K0

Lω, π+π−π0

Odd K0
Sπ

0, K0
Sη, K0

Sω, K0
Sη
′, K0

Sφ, K0
Lπ

0π0

Self-conjugate K0
Sπ

+π−

Table 1. Summary of tag modes selected against the signal decays D → K−π+π+π− and D →
K−π+π0. The CP tags are also reconstructed against the decay D → K−π+.

Photon candidates are selected from showers deposited in the EMC crystals, with
energies larger than 25MeV in the barrel (| cos θ| < 0.8) and 50MeV in the end cap (0.86 <
| cos θ| < 0.92). In order to suppress fake photons from beam background or electronic
noise, the shower clusters are required to be within [0, 700] ns of the start time of the event.
Furthermore, the photon candidates are required to be at least 20◦ away from any charged
tracks to eliminate fake photons caused by the interactions of hadrons in the EMC.

Candidate K0
S mesons are reconstructed from pairs of tracks with opposite charge. To

improve efficiency no particle-identification requirements are imposed on these tracks. The
K0
S candidate is required to satisfy the flight-significance criterion L/σL > 2, where L is its

flight distance obtained from a fit to the vertex of the track pair, and σL the uncertainty
on this quantity. In addition, a constrained vertex fit is performed for each candidate, and
the resulting invariant mass is required to lie within [0.487, 0.511]GeV/c2.

In forming π0 (η) candidates with pairs of photons it is required that the di-photon
invariant mass lies within [0.115, 0.150] ([0.480, 0.580]) GeV/c2, and that at least one
photon candidate is found in the barrel region, where the energy resolution is best. To
improve momentum resolution, a kinematic fit is performed, where the reconstructed π0

(η) mass is constrained to the nominal value [37], and the resulting four-vector is used in
the later steps of the analysis. When reconstructing η → π+π−π0 decays, the invariant
mass of the π+π−π0 combination is required to lie within [0.530, 0.565]GeV/c2. Likewise,
mass windows of [0.750, 0.820]GeV/c2, [0.940, 0.970] GeV/c2 and [0.940, 0.976]GeV/c2 are
imposed for the decays ω → π+π−π0, η′ → π+π−γ and η′ → π+π−η(γγ), respectively.

To suppress combinatorial background, the energy difference, ∆E = ED −
√
s/2 is

required to be within ±3σ∆E around the ∆E peak, where σ∆E is the ∆E resolution and ED
is the reconstructed energy of a D candidate in the rest frame of the initial e+e− collision.
The resolution varies between decay modes, and the allowed interval in ∆E ranges from
[−0.018, 0.017]GeV/c2 for D → K−π+π+π− to [−0.069, 0.044]GeV/c2 for D → K0

Sπ
0. To

suppress background from cosmic and Bhabha events in the tag modes D → K+K−, π+π−

andK−π+, the event is required to have two charged tracks with a TOF time difference less
than 5 ns and that neither track is identified as an electron or a muon. As discussed below
in section 4.2, a K0

S veto based on flight distance is applied to D → π+π−π0 candidates
to suppress background from D → K0

Sπ
0, and similarly to D → K−π+π+π− candidates,

to reduce contamination from D → K0
SK
−π+ decays. If there are multiple double-tagged

candidates in one event, the combination with the average reconstructed invariant mass
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Figure 2. MBC distributions for the like-sign and opposite-sign flavour tags. The points with error
bars are data; the red line indicates the total fit; the long-dashed azure line is the D → K0

SK
−π+

background; the dashed purple line shows the other peaking-background contributions, which in
the like-sign case are saturated by doubly misidentified opposite-sign events; the shaded region,
which is at a very low level, represents the combinatorial background.

lying closest to the nominal D0 mass is chosen. Around 10% of selected events contain
more than one candidate.

For each fully reconstructed D candidate the beam-constrained mass, MBC, is calcu-
lated in order to provide optimal separation between signal and background:

MBC =
√

(
√
s/2)2/c4 − |pD|2/c2, (4.1)

where pD is the momentum of theD candidate in the rest frame of the initial e+e− collision.
Figures 2 and 3 show MBC distributions of the signal decay for a selection of double tags.
The distributions for the other double tags may be found in appendix A.
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Figure 3. MBC distributions for a selection of CP -tagged decays. The points with error bars
are data; the red line indicates the total fit; the dashed purple line shows the peaking-background
contributions; the combinatorial-background contribution is at too low a level to be visible.

Double-tagged events where the CP -tag mode involves a K0
L meson cannot be fully

reconstructed. Instead, these events are selected using a missing-mass technique. First the
signal mode is reconstructed, and its momentum, pS, is measured in the centre-of-mass
frame of the e+e− collision. If more than one candidate is found, that one with the smallest
value of |∆E| is retained. Then the total energy, EX , and momentum, pX, of the charged
particles and π0 candidates not associated with the signal mode are determined. This
information allows the missing-mass squared,

M2
miss = (

√
s/2− EX)2/c4 − |pS + pX|2/c2, (4.2)

to be calculated, which is expected to peak at the squared mass of the K0
L meson for the

CP tags under consideration. To suppress contamination from K0
S → π0π0 decays and

other backgrounds, events are rejected that contain surplus π0 candidates, surplus charged
tracks, any η → γγ candidates, or multiple π0 candidates that share common showers.
Figure 4 shows M2

miss distributions for those double tags containing a K0
L meson.
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Figure 4. M2
miss distributions for double tags containing a K0

L meson. The points with error bars
are data; the red line indicates the total fit; the dashed purple line shows the peaking-background
contribution; the shaded region represents the combinatorial background.

4.2 Signal yield determination and consideration of peaking backgrounds

The signal yields for the double tags are determined from an extended unbinned maximum-
likelihood fit to theMBC distributions of the tag decay in the case of the fully reconstructed
events, and to the M2

miss distributions for the events containing a K0
L candidate. (An

alternative approach, where a two-dimensional fit is performed to the MBC distributions
of both the signal and tag decays in fully reconstructed events, is found to give very
similar results, and is further considered when discussing the assignment of systematic
uncertainties in section 5.1.2.) The signal shape is modelled from fits to Monte Carlo
simulation using the RooKeysPdf one-dimensional kernel estimator [41], and is convolved
with a Gaussian function to account for differences between the resolution in data and
simulation, and whose width and mean are free parameters in the fit. The combinatorial
background of the MBC distribution is described with an ARGUS function [42], and that
of the M2

miss distribution with a RooKeysPdf-determined shape taken from simulation.
In general the contribution from background that peaks under the signal region is fixed
according to what is found in the Monte Carlo simulation, with a shape determined with
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RooKeysPdf from the same source. Most of these contributions are at a low level in the
fully reconstructed events, summing to typically less than 5%, 10% and 10% in the flavour-
tagged, CP -tagged and D → K0

Sπ
+π−-tagged samples, respectively. However some are

significantly larger, or require individual treatment, as is explained below. All fits converge
with satisfactory residuals.

The two singly Cabibbo-suppressed decays D → K0
SK
∓π± give rise to the same final

states as the signal modes D → K∓π±π±π∓, and lead to significant contamination in the
like-sign samples for the global measurement. In the binned measurement these decays are
rejected by explicitly excluding the K0

S region from the phase space that is analysed. In
the global analysis a mass veto is undesirable, as it would prevent the measurement being
representative of all phase space. Instead an alternative K0

S veto is applied, in which the
two pairs of oppositely charged pions in the decay of the signal candidate are fitted to a
common vertex in turn, and their flight significance is determined. Events are rejected
when this quantity exceeds a value of two for either combination, after which the net
selection efficiency for the background events is O(1%). (This requirement is also imposed
in the binned analysis, in addition to the mass veto.) The residual contamination is at a
similar level to the signal itself in the affected like-sign samples. Its exact contribution is
determined by assuming the measured branching fractions [37] and the efficiencies found in
Monte Carlo simulation, and also correcting for quantum-correlation effects not present in
the simulation. For the latter calculation the hadronic parameters of the background decay
are taken from ref. [43], and those of the other decays contributing to the double tags from
refs. [8, 25]. This background accounts for around 1% of events in the samples containing
CP and D → K0

Sπ
+π− tags, and is negligible for the opposite-sign flavour-tagged events.

Another important source of background in the like-sign samples arises from opposite-
sign events in which both a kaon and pion of opposite charge are misidentified. In order
to calibrate the level of this contamination, the rate of misidentification is measured in
bins of momentum for a sample of opposite-sign events that is selected with no particle-
identification requirements on one of the kaon or pion candidates. This sample includes all
the double-tag categories listed in table 1. The results in data are similar to those found
in simulation, as can be seen in figure 5. Those differences that are observed are applied as
corrections in the simulation. The amount of this background depends on the multiplicity
of the final states, because of the momentum dependence of the particle identification. It
is approximately double the signal size in the K−π+π0 vs. K−π+ sample, and an order of
magnitude smaller than the signal contribution in the K−π+π+π− vs. K−π+π+π− sample.

The decay D → K0
Sπ

0 is a dangerous background for D → π+π−π0 tags, as the two
modes have opposite CP eigenvalues. Therefore a K0

S veto is applied based on the flight
significance and identical to that imposed for the D → K−π+π+π− selection. The residual
background is corrected for quantum correlations, as is the low level of D → π+π−π0

contamination in the D → K0
Sπ

0 sample. The K0
Sπ

+π−π0 final state that is used to
construct the CP -odd D → K0

Sω and D → K0
Sη tags has a non-resonant component

that is determined to be at the 20% and 10% level, respectively. Studies reported in
ref. [44] suggest that this background is mildly CP odd. Non-resonant D → K0

Sπ
+π−π0

and D → K0
Lπ

+π−π0 decays comprise around 30% of the D → K0
Lω sample, and are
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Figure 5. Probability of π → K (left) and K → π (right) misidentification in bins of momentum,
as measured in data and Monte Carlo simulation.

Tag K−π+π+π− K−π+π0

K+π− 17368± 136 29462±180
K+π−π0 33734± 192 28672±182
K+π−π−π+ 8602± 97 /

K−π+ 63.0±13.9 33.0± 9.6
K−π+π0 128.8±22.0 53.5±11.2
K−π+π+π− 41.0±11.2 /

K0
Sπ

+π− 4927.5±73.5 8647±101

Table 2. Signal yields for the flavour-tagged and D → K0
Sπ

+π− tagged events. The uncertainties
are statistical only.

expected to be CP neutral. These estimates, obtained from simulation, are corroborated
by fits to the π+π−π0 mass spectrum in data, indicating that any quantum-correlation
effects are here negligible. The D → K0

Lπ
0π0 sample suffers background from D → π0π0π0

decays, which generates a structure in the M2
miss spectrum that peaks at low values. The

contribution from this component is a free parameter in the fit, with its shape fixed from
simulation studies.

The signal yields for the flavour-tagged and the D → K0
Sπ

+π− tagged events are given
in table 2. Those for the CP tags may be found in table 3, together with the selection
efficiencies that are required to determine the ρK3π

CP± and ρKππ0
CP± observables.

In order to improve the resolution of the reconstructed position of each decay in phase
space, a kinematic fit is applied to the D → K−π+π+π− candidates with the D0 mass
imposed as a constraint. The events are partitioned into the four bins defined in ref. [19],
and the same procedure is followed as above, to determine the signal yields in each bin.
By way of example, the signal yields of D → K−π+π+π− tagged with D → K0

Sπ
0 are

497.5± 23.2, 415.0± 21.0, 400.1± 20.2 and 578.6± 24.8 for bins 1 to 4, respectively.
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Tag K−π+π+π− K−π+π0 K−π+

Yield Eff. (%) Yield Eff. (%) Yield Eff. (%)
K+K− 1849.0±44.4 23.3 3261.3±58.5 24.1 1646.4±41.5 43.2
π+π− 684.6±26.8 24.4 1273.1±36.8 25.7 592.4±25.0 46.5
π+π−π0 3539.0±67.8 12.6 6269.1±88.5 13.5 3646.9±62.7 28.2
K0
Sπ

0π0 727.5±29.8 5.8 1346.9±41.1 5.7 803.6±29.7 12.3
K0
Lπ

0 2293.3±61.3 11.5 4203.2±71.1 11.2 2589.9±59.5 25.1
K0
Lω 1041.7±61.8 4.5 1543.6±53.9 4.2 1137.2±40.0 10.7

K0
Sπ

0 1958.4±47.8 14.2 3553.8±63.4 14.7 1697.1±42.2 28.4
K0
Sη(γγ) 289.3±18.9 12.2 472.2±23.8 11.9 230.2±16.2 25.0

K0
Sη(πππ0) 67.5± 8.9 6.3 122.1±12.2 6.4 65.6± 8.5 13.0

K0
Sη
′(γππ) 220.4±17.9 7.6 445.0±23.5 8.0 220.0±15.8 15.8

K0
Sη
′(ππη) 104.1±10.7 4.6 159.2±12.9 4.7 94.6± 9.8 10.1

K0
Sω 728.8±34.1 5.8 1153.4±39.8 5.6 643.4±27.8 12.1

K0
Sφ 187.0±16.5 5.1 349.2±20.3 5.6 180.9±13.5 10.4

K0
Lπ

0π0 651.4±47.8 2.8 1113.1±40.4 2.4 639.7±40.3 4.9

Table 3. Signal yields for the CP -tagged events. The uncertainties are statistical only. Also
shown are the selection efficiencies as determined from Monte Carlo simulation, all of which have a
statistical uncertainty of 0.1% or less.

4.3 Efficiency corrected double-tagged yields in D → K0
Sπ

+π− bins

The D → K0
Sπ

+π− tagged events are divided into 16 bins of phase space of the tag decay.
Again, a mass-constrained fit is applied to improve the resolution of the position of the
decay in phase space. Monte Carlo studies indicate that the correct bin is assigned 86%
of the time for the positive bins, and 94% of the time for the negative bins. The signal
yields are determined in each bin and efficiency corrections are applied. These corrections
account for both the relative efficiency variation bin-to-bin, which lies within a range of
±15%, and for migration between bins. The resulting signal yields Y K3π

i and Y Kππ0
i are

listed in table 4. This procedure is repeated for the binned D → K−π+π+π− analysis to
measure the signal yields Y K3π,j

i presented in table 5.

5 Measurement of the observables and fit to the hadronic parameters

A global analysis is performed, in which the D → K−π+π+π− and D → K−π+π0 phase
spaces are considered inclusively. In addition, a binned analysis is executed, where the
D → K−π+π+π− phase space is partitioned according to the four-bin scheme defined in
ref. [19].
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Bin K−π+π+π− K−π+π0 Bin K−π+π+π− K−π+π0

1 7011± 303 11095±395 −1 3126± 178 5328± 237
2 3630± 220 5427±290 −2 807.4±93.4 1377± 136
3 2632± 160 4254±215 −3 681.4±79.8 1302± 116
4 816.7±90.9 1505±126 −4 701.7±82.8 1067± 111
5 2978± 171 5127±237 −5 1933± 136 3145± 184
6 2020± 163 3272±219 −6 454.8±82.2 510± 103
7 4782± 245 7657±295 −7 545.3±86.6 990± 127
8 5029± 274 8162±374 −8 956± 109 1822± 154

Table 4. Efficiency corrected signal yields Y K3π
i and Y Kππ

0

i in bin i of D → K0
Sπ

+π− phase
space. The efficiencies integrated over all bins are 12.9% and 13.6% for D → K−π+π+π− and
D → K−π+π0 decays, respectively.

Bin 1 2 3 4
1 1646± 155 1415± 134 1688± 158 1963± 168
2 711± 105 715± 102 943± 118 1013± 122
3 735.2±88.9 402.6±65.2 522.7±76.2 800.7±92.1
4 162.4±39.7 161.8±44.1 158.1±43.1 309.1±53.5
5 738.5±86.7 580.8±75.2 560.8±78.5 956.1±99.9
6 430.9±77.3 343.7±69.8 523.7±84.1 612.8±89.2
7 1322± 131 1103± 115 926± 117 1135± 117
8 1313± 145 1048± 126 962± 132 1472± 154
−1 884.7±96.7 706.9±81.4 608.7±82.3 641.3±89.5
−2 107.7±40.3 150.0±39.7 288.8±56.2 165.8±44.8
−3 128.0±35.4 83.1±26.8 182.7±41.0 211.3±44.2
−4 185.8±39.7 167.0±40.9 100.5±35.4 207.7±46.7
−5 562.6±76.6 410.1±64.3 309.2±54.6 550.5±74.3
−6 142.4±43.5 128.8±35.1 43.9±29.5 97.6±38.5
−7 99.6 ±36.3 164.6±43.3 85.4±36.7 189.9±51.4
−8 213.5±51.2 278.2±54.4 225.3±49.6 170.9±52.0

Table 5. Efficiency corrected signal yields Y K3π
i in bin i of D → K0

Sπ
+π− phase space (rows) and

each bin of D → K−π+π+π− phase space (columns).
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Input parameter Value Reference
B(D0 → K−π+π+π−) (8.23±0.14)% [45]
B(D0 → K+π−π−π+)/B(D0 → K−π+π+π−) (3.22±0.05)×10−3 [45]
B(D0 → K−π+π0) (14.4±0.5)% [45]
B(D0 → K+π−π0)/B(D0 → K−π+π0) (2.12±0.07)×10−3 [45]
B(D0 → K−π) (3.950±0.031)% [45]
δKπD (192.1+8.6

−10.2)° [25]
(rKπD )2 (0.344±0.002)×10−2 [25]
x (0.39+0.11

−0.12)% [25]
y (0.651+0.063

−0.069)% [25]
F πππ

0
+ 0.973±0.017 [24]

Table 6. Input parameters used in the determination of the observables and hadronic parameters.

The determination of the CP -tag and opposite-sign observables, and their interpreta-
tion in terms of the hadronic parameters, requires knowledge of branching fractions, ratios
of branching fractions, and other parameters. The values used, and their sources, are given
in table 6.

When fitting the signal yields tagged by D → K0
Sπ

+π− decays in bins of phase space,
Y K3π
i and Y Kππ0

i , to the expected distribution of events, expressed in eq. (2.20), it is
necessary to know the strong-phase parameters ci and si, defined in eq. (2.18). Values for
these parameters are taken from the combined results of measurements performed by the
BESIII [27, 28] and CLEO collaborations [26]. In addition, knowledge is required of the Ki

parameters, defined in eq. (2.19). Here, the most precise source of information comes from
models fitted to the flavour-tagged yields of D → K0

Sπ
+π− decays at the BaBar and Belle

experiments. Predictions for K ′i can be obtained from the models, where K ′i = (1 − ε)Ki

and ε =
√

(K−i/Ki)(yci−xsi)+O(x2, y2) is a small correction due to the presence of D0-D̄0

oscillation effects. Table 7 lists the K ′i results reported in ref. [46], from which the Ki values
used in the current study are derived. These results are considered to be reliable on account
of the acceptable fit residuals found in that analysis. The accompanying uncertainties are
assigned from the statistical precision of the fit residuals in each bin, added in quadrature
to the root-mean-square of the variation of the predictions across this and three other
models [29, 47, 48].

5.1 Global analysis

5.1.1 Determination of the CP -tag and like-sign observables

The CP -tag observables ρK3π
CP± and ρKππ0

CP± are determined for each tag according to eq. (2.10).
They take as input the efficiency corrected CP -tagged signal and D → K−π+ yields, listed
in table 3, and the correction factors ρKπCP+ = 1.119 ± 0.005 and ρKπCP− = 0.881 ± 0.005,
which are calculated from knowledge of the external parameters x, y, rKπ

D and δKπD [25].
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Bin K ′i Bin K ′i

1 0.1734± 0.0029 −1 0.0794± 0.0023
2 0.0876± 0.0016 −2 0.0174± 0.0002
3 0.0692± 0.0038 −3 0.0202± 0.0002
4 0.0255± 0.0003 −4 0.0162± 0.0008
5 0.0850± 0.0023 −5 0.0512± 0.0013
6 0.0592± 0.0010 −6 0.0143± 0.0009
7 0.1269± 0.0005 −7 0.0132± 0.0003
8 0.1338± 0.0007 −8 0.0275± 0.0026

Table 7. The K ′i parameters as calculated from the model of ref. [45], equivalent to the fraction
of flavour-tagged D → K0

Sπ
+π− decays falling in each bin of the Dalitz plot, including D0-D̄0-

oscillation effects, in the equal-∆δD binning scheme.

CP -even tag ρK3π
CP+ CP -odd tag ρK3π

CP−

K+K− 1.124± 0.027± 0.043 K0
Sπ

0 0.977± 0.024± 0.038
π+π− 1.188± 0.047± 0.061 K0

Sη(γγ) 1.088± 0.071± 0.083
π+π−π0 1.089± 0.022± 0.038 K0

Sη(πππ0) 0.905± 0.119± 0.121
K0
Sπ

0π0 1.040± 0.043± 0.050 K0
Sη
′(γππ) 0.887± 0.072± 0.071

K0
Lπ

0 1.043± 0.028± 0.041 K0
Sη
′(ππη) 1.019± 0.105± 0.110

K0
Lω 1.181± 0.070± 0.053 K0

Sω(πππ0) 1.010± 0.047± 0.053
K0
Sφ 0.899± 0.079± 0.074

K0
Lπ

0π0 0.758± 0.056± 0.055
Average 1.088± 0.013± 0.026 0.948± 0.017± 0.025

Table 8. Results for ρK3π
CP± shown for individual tags, and averaged. The uncertainties are statistical

and systematic, respectively.

The results are given in tables 8 and 9 and are shown graphically in figure 6. The results
for each signal mode and class of tag are seen to be compatible and are therefore combined
together to give a single, average, result for each observable. Full account is taken of
correlations between the systematic uncertainties. Following eq. (2.8) the parameters ∆K3π

CP

and ∆Kππ0
CP are also calculated, yielding the values shown in table 10.

The like-sign observables ρK3π
LS , ρK3π

Kπ,LS , ρK3π
Kππ0,LS , ρKππ

0
LS and ρKππ

0
Kπ,LS are determined

according to eqs. (2.13) and (2.16). from the yields of like-sign and opposite-sign double
tags in table 2. These results are also presented in table 10. The correlation matrix for all
the observables may be found in appendix B, accounting for both statistical and systematic
contributions.

The observables are shown graphically in figure 7. The values of ∆K3π
CP and ∆Kππ0

CP are
incompatible with zero, and several of the like-sign observables are incompatible with unity,
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CP -even tags ρKππ
0

CP+ CP -odd tags ρKππ
0

CP−

K+K− 1.088± 0.020± 0.054 K0
Sπ

0 0.982± 0.018± 0.049
π+π− 1.204± 0.035± 0.072 K0

Sη(γγ) 1.046± 0.053± 0.084
π+π−π0 1.111± 0.016± 0.052 K0

Sη(πππ0) 0.915± 0.090± 0.013
K0
Sπ

0π0 1.114± 0.034± 0.065 K0
Sη
′(γππ) 0.970± 0.051± 0.079

K0
Lπ

0 1.119± 0.019± 0.053 K0
Sη
′(ππη) 0.875± 0.071± 0.099

K0
Lω 1.001± 0.035± 0.060 K0

Sω(πππ0) 0.945± 0.033± 0.059
K0
Sφ 0.872± 0.051± 0.080

K0
Lπ

0π0 0.854± 0.031± 0.066
Average 1.100± 0.009± 0.034 0.945± 0.012± 0.035

Table 9. Results for ρKππ0

CP± shown for individual tags, and averaged. The uncertainties are statis-
tical and systematic, respectively.
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Figure 6. The ρSCP+ and ρSCP− observables for (left) S = K−π+π+π− and (right) S = K−π+π0.
The error bars indicate the sum in quadrature of the statistical and systematic uncertainties. The
blue bands represent the ±1σ bound for the averaged results of each observable.

indicating the presence of significant effects from quantum correlations. The predictions
from the global fit to the BESIII data, discussed below in section 5.1.3, are superimposed.

5.1.2 Assignment of systematic uncertainties

The systematic uncertainties reported in table 10 are estimated by repeatedly varying each
input by a Gaussian distribution with a width set to the uncertainty of that component,
and determining the shift in the central value. These shifts are then combined, taking
account of any correlations that exist.
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Observable Value Observable Value

∆K3π
CP 0.070± 0.011± 0.012 ∆Kππ0

CP 0.078± 0.007± 0.012

ρK3π
LS 0.740± 0.157± 0.161 ρKππ

0
LS 0.440± 0.095± 0.014

ρK3π
Kπ,LS 0.570± 0.109± 0.069 ρKππ

0
Kπ,LS 0.213± 0.062± 0.004

ρK3π
Kππ0,LS 0.715± 0.094± 0.089

Table 10. The measured CP -tagged and like-sign global observables for the modes D →
K−π+π+π− and D → K−π+π0. The first uncertainty is statistical and the second systematic.
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Figure 7. Results for the CP -tagged and like-sign global observables. Also shown are the predic-
tions from the fit to these observables and the K0

Sπ
+π− tags.

There are two uncertainties that are unique to the ρK3π
CP± and ρKππ0

CP± observables. One
arises from the limited size of the CP -tagged D → K−π+ samples, and the other is associ-
ated with the selection efficiency. The former is dominant for the individual measurements,
while it is the selection-efficiency uncertainty that is more important in the evaluation
of ∆K3π

CP and ∆Kππ0
CP . Consideration of eq. (2.10) indicates that it is necessary to know

the ratio of selection efficiencies for the modes D → K−π+π+π− and D → K−π+, and
D → K−π+π0 and D → K−π+. These efficiencies are taken from Monte Carlo simulation,
with uncertainties that are assigned from dedicated comparisons of data and Monte Carlo
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simulation [49]. These uncertainties are 0.5% for the reconstruction of each charged track,
0.5% for the identification of the pions and kaons, and 1% for the π0-reconstruction effi-
ciency. These uncertainties are considered together with the smaller contribution arising
from the finite size of the simulated data sets.

The like-sign observables are constructed by normalising the like-sign yields by the
opposite-sign yields in the same final states, ensuring cancellation for most uncertainties
associated with selection efficiencies. However, the resonant sub-structure will in general be
different for the like-sign events compared to the opposite-sign sample. The consequence of
this difference for D → K−π+π+π− decays is estimated by re-weighting the Monte Carlo
sample to the DCS model of LHCb, rather than the CF model [18], and re-evaluating the
selection efficiency on K−π+-tagged signal events. A relative difference of 3% is found,
which is assigned as an uncertainty to all the like-sign D → K−π+π+π− observables. A
similar study performed for D → K−π+π0 decays, which makes use of the DCS model re-
ported in [50], leads to an uncertainty of 3.5% for the corresponding observables associated
with this mode.

Yields are determined from fits to the MBC distribution of the signal decay. In order
to assign an uncertainty for this procedure, comparisons are made to the results when a
two-dimensional fit is applied to the MBC distributions of both the signal and tag decays,
for the example the case where the tag mode is D → K0

Sπ
0. Small differences are observed

and uncertainties of 1.5% and 0.8% are assigned to ρK3π
CP± and ρKππ0

CP± , respectively. No
uncertainty is applied for the like-sign observables, as any bias cancels between the like-
sign yields and the same-topology opposite-sign yields used for normalisation.

The most important source of background is the decay D → K0
SK
−π+, particularly

in the case of the like-sign double tags. The uncertainty on this background contribution
is assigned by accounting for the knowledge of its coherence factor and mean strong-phase
difference, measured to be 0.70 ± 0.08 and (0.1 ± 15.7)◦, respectively [43]. These inputs
are required to correct for quantum-correlation in the decay rate. Uncertainties on the
branching fraction [45] and the selection efficiency are also considered. The uncertainty on
this background component is the dominant systematic uncertainty for the like-sign tags.

A final source of uncertainty on the CP -tag and like-sign observables is the knowledge
on the input parameters, which is taken from the measurements reported in table 6.

When analysing the efficiency-corrected signal yields tagged by D → K0
Sπ

+π− decays
in bins of phase space, Y K3π

i and Y Kππ0
i , it is only necessary to have control of the relative

efficiency variation. This variation is less than 15% and taken from Monte Carlo simulation.
It is assumed that any biases on these efficiency corrections are negligible. Small uncer-
tainties are assigned associated with the finite size of the simulation samples. Fits to the
expected distribution of events must take account of the uncertainties on the D → K0

Sπ
+π−

strong-phase parameters, found in ref. [27], and Ki parameters, given in table 7.

5.1.3 Fit to the hadronic parameters

A χ2 fit is performed to the complete set of CP - (tables 8 and 9), like-sign (table 10)
and K0

Sπ
+π−-tagged observables (table 4) in order to determine the underlying physics

parameters: RK3π, δK3π
D , rK3π

D , RKππ0 , δKππ0
D and rKππ0

D . In this fit each individual CP -tag
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Figure 8. The Y K3π
i (left) and Y Kππ0

i (right) observables, with the predictions from the fit to all
the BESIII inputs. Also shown are the expectations from the uncorrelated hypothesis.

result is entered as a separate measurement. In total, therefore, there are 65 observables and
six free fit parameters. The systematic uncertainties from external inputs are not included
in the uncertainties of the observables. Instead, the auxiliary parameters δKπD , rKπD , x,
y, F πππ0

+ , Ki, ci and si are also fitted, with Gaussian constraints introduced into the χ2

function according to their measured values and covariances. When terms involve the ratio
of branching fractions B(D0 → K+π−)/B(D0 → K−π+), B(D0 → K+π−π−π+)/B(D0 →
K−π+π+π−) or B(D0 → K+π−π0)/B(D0 → K−π+π0), these ratios are replaced by the
corresponding theoretical expressions (see eqs. (2.4) and (2.5)). Additional constraints are
added to the χ2 function relating the measured values B(D0 → K+π−π−π+)/B(D0 →
K−π+π+π−) and B(D0 → K+π−π0)/B(D0 → K−π+π0) to the theoretical predictions. In
summary, therefore, the function that is minimised is

χ2 = χ2
CP + χ2

LS + χ2
K0

Sππ
+ χ2

aux , (5.1)

where χ2
CP , χ2

LS and χ2
K0

Sππ
are the contributions from the CP tags, like-sign tags and

K0
Sπ

+π− tags, respectively, and χ2
aux contains the constrained contributions from the aux-

iliary parameters and the ratios of branching fractions. Studies performed with simulated
data sets demonstrate that the fit is unbiased and returns correctly estimated uncertainties.

The fit converges with a χ2/n.d.f. of 61/59, indicating compatibility between the in-
puts. Figure 8 shows the Y K3π

i and Y Kππ0
i observables with the fit results superimposed.

Also shown are the predictions from the uncorrelated hypothesis, which are directly pro-
portional to the Ki values.

The results for the hadronic parameters are given in table 11 (with the accompa-
nying correlation matrix available in appendix B), and ∆χ2 scans in (RK3π, δ

K3π
D ) and

(RKππ0 , δKππ
0

D ) parameter space are presented in figure 9. The measurement of RK3π is
in agreement with the value of 0.46 predicted by the LHCb models [18]. These results
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Parameter Global fit Binned fit
Bin 1 Bin 2 Bin 3 Bin 4

RK3π 0.52+0.12
−0.10 0.58+0.25

−0.33 0.78+0.50
−0.21 0.85+0.15

−0.12 0.45+0.33
−0.37

δK3π
D

(
167+31
−19

)◦ (
131+124
−16

)◦ (
150+37
−39

)◦ (
176+57
−21

)◦ (
274+19
−30

)◦
rK3π
D (×10−2) 5.46±0.09 5.44+0.45

−0.14 5.80+0.14
−0.13 5.75+0.41

−0.14 5.09+0.14
−0.14

RKππ0 0.78±0.04 0.80±0.04

δKππ
0

D

(
196+14
−15

)◦
(200± 11)◦

rKππ
0

D (×10−2) 4.40±0.11 4.41±0.11

Table 11. Fitted central values for the hadronic parameters, from the global and binned analyses.
The uncertainties include both statistical and systematic contributions.
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Figure 9. Scans of ∆χ2 in the global (RK3π, δK3π
D ) and (RKππ0 , δKππ0

D ) parameter space, showing
the ∆χ2=2.30, 6.18, 11.83 intervals, which correspond to 68.3%, 95.4% and 99.7% confidence levels
in the two-dimensional parameter space. Also shown are the equivalent contours determined from
the CLEO-c data [8].

are also compatible with those obtained from CLEO-c data [8], with an improvement in
the 1σ uncertainties for the coherence factors.3 The region of (RK3π, δ

K3π
D ) parameter

space encompassed by the 2σ and 3σ confidence intervals is significantly more constrained.
Combined fits of the BESIII data, together with the CLEO-c and LHCb observables are
reported in appendix C. The fit results for the auxiliary parameters are all compatible with
their measured values, and in no case is their precision significantly improved by the fit.

3It should be noted that plots in previous publications using CLEO-c data [6–8] showed contours corre-
sponding to the intervals ∆χ2 = 1, 4 and 9. Here the CLEO-c contours have been re-drawn according to
the choice of ∆χ2 intervals adopted in this paper, which are appropriate to indicate 1σ, 2σ and 3σ coverage
in a two-dimensional plane.
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Systematics RK3π δK3π
D RKππ0 δKππ

0
D

Size of CP -tagged D → K−π+ samples 0.04 7.0◦ 0.02 6.9◦
K/π tracking and identification 0.02 3.8◦ < 0.01 2.3◦
π0 reconstruction < 0.01 < 0.1◦ < 0.01 < 0.1◦
Impact of resonance modelling on efficiency < 0.01 2.5◦ < 0.01 0.4◦
Size of Monte Carlo samples 0.01 1.5◦ < 0.01 1.3◦
D → K0

SK
−π+ background 0.05 1.0◦ 0.01 4.6◦

Fit method for signal yields 0.02 3.4◦ < 0.01 1.1◦

ci, si +0.01
−0.00 3.0◦ < 0.01

(
+0.6
−0.7

)◦
Ki 0.01

(
+6.7
−6.1

)◦
0.01

(
+3.1
−4.4

)◦
B(D0 → S), with S = K−π+π+π− and K−π+π0 0.01

(
+1.7
−1.5

)◦
0.01

(
+3.4
−2.2

)◦
B(D0 → S̄)/B(D0 → S) +0.02

−0.01 2.7◦ < 0.01 0.2◦

B(D0 → K−π) 0.01
(

+0.8
−1.2

)◦
< 0.01

(
+0.9
−0.7

)◦
rKπD < 0.01

(
+0.2
−0.1

)◦
< 0.01 0.2◦

δKπD < 0.01 < 0.1◦ < 0.01 < 0.1◦

x, y < 0.01
(

+1.0
−1.1

)◦
< 0.01 0.5◦

F+
πππ0 < 0.01

(
+0.3
−0.4

)◦
< 0.01 0.1◦

Statistical +0.08
−0.09

(
+29.3
−18.7

)◦
0.04

(
+10.6
−12.6

)◦
Table 12. Indicative sizes of the systematics uncertainties on the global hadronic parameters.
First are listed those components associated with the detector and measurement procedure, and
then those associated with the external parameters. Also shown is the statistical uncertainty for
comparison.

It is instructive to estimate the intrinsic statistical precision of the sample, and the
contribution of each source of systematic bias to the overall uncertainty. Therefore, the
fit is re-performed many times, with each input varied in turn according to a Gaussian
distribution with width set to its assigned uncertainty, and all the other inputs fixed. The
width of the distribution of the fitted parameters is taken as an estimate of the uncertainty
associated with the varying input. The results are presented in table 12. The most im-
portant contributions are seen to come from the finite size of the CP -tagged D → K−π+

samples, the uncertainty on the D → K0
SK
−π+ background, and on the knowledge of the

D → K0
Sπ

+π− strong-phase and Ki parameters. The statistical uncertainty is dominant
for all four measurements.

5.2 Binned D → K−π+π+π− analysis

The binned analysis proceeds in an identical manner to the global case. In this case there
are 170 observables and 15 free fit parameters. Because the binning scheme is constructed
to exclude D → K0

SK
−π+ background there is no uncertainty from this source. In Monte
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Observable Bin 1 Bin 2 Bin 3 Bin 4

∆K3π
CP 0.073± 0.018± 0.019 0.065± 0.023± 0.019 0.108± 0.022± 0.020 0.002± 0.015± 0.019

ρK3π
Kπ,LS 0.853± 0.306± 0.033 0.207± 0.161± 0.008 0.348± 0.151± 0.014 0.901± 0.218± 0.036
ρK3π
Kππ0,LS 0.941± 0.190± 0.037 0.608± 0.150± 0.024 0.485± 0.283± 0.019 0.742± 0.190± 0.030

ρK3π
LS

Bin 1 0.569± 0.399± 0.023 3.356± 1.271± 0.135 0.459± 0.604± 0.018 2.413± 0.925± 0.097
Bin 2 0.270± 0.413± 0.011 1.037± 0.775± 0.042 1.072± 0.668± 0.043
Bin 3 0.274± 0.437± 0.011 2.518± 0.926± 0.101
Bin 4 1.330± 0.821± 0.054

Table 13. The measured binned observables for D → K−π+π+π−. The first uncertainty is
statistical and the second systematic.

Carlo simulation it is found that around 90% of decays are assigned to the correct bin. A
migration matrix, determined from simulation, is used to correct for incorrect assignments.
Fits to ensembles of simulated experiments confirm that the results are unbiased and
assigned reliable uncertainties. The measured values of the observables are presented in
table 13. The accompanying correlation matrix may be found in appendix B.

The results for the fit to hadronic parameters are given in table 11 (with the correlation
matrix in appendix B), and ∆χ2 scans in (RK3π, δ

K3π
D ) space are shown in figure 10. The

fit quality, with χ2/n.d.f. = 180/155, is satisfactory. In appendix C may be found the
results for a combined fit to the BESIII and CLEO-c data.

The amplitude models may be used to calculate predictions for the coherence fac-
tor in each bin, and the variation in strong-phase between bins [19]. By making use
of the measured value of δK3π

D from the global analysis it is then possible to obtain an
effective prediction of the average strong-phase difference bin-by-bin, and correlated uncer-
tainty. Following this procedure the predicted values of the coherence factors and strong-
phase differences are found to be

(
0.67, (95+31

−19)◦
)
,
(
0.85, (147+31

−19)◦
)
,
(
0.82, (188+31

−19)◦
)
and(

0.63, (247+31
−19)◦

)
, for bins 1 to 4, respectively. The measurements and the predictions are

compatible.

6 Impact of the results on the measurement of γ

Improved knowledge of the global coherence factors and average strong-phase differences
in the processes D → K−π+π+π− and D → K−π+π0 will be valuable in future studies of
B− → DK− decays at LHCb [16, 24] and Belle II [17]. However, neither of these channels,
when used in isolation, is able to provide a standalone measurement of the Unitarity Tri-
angle angle γ with interesting sensitivity; rather, they bring important constraints when
considered as part of the full ensemble of B− → DK− measurements using several D decay
modes. These constraints will be tightened as a consequence of the BESIII measurements.

Subdividing the phase space of D → K−π+π+π− decays into four bins allows a stan-
dalone measurement of γ to be performed [19], and here it is possible to calculate the impact
of the measurements reported in this paper. Within each bin of phase space, and consid-
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Figure 10. Scans of ∆χ2 in the four bins of the (RK3π, δK3π
D ) parameter space, showing the

∆χ2=2.30, 6.18, 11.83 intervals, which correspond to 68.3%, 95.4% and 99.7% confidence levels in
the two-dimensional parameter space. Also indicated is the prediction from the model, where the
global offset in the average strong-phase difference comes from the global result.

ering all possible charge configurations, there are four decay rates that may be measured:

Γ
(
B∓ → (K±π∓π∓π±)DK∓

)
∝ (rB)2 +

(
rK3π
D

)2
+

2rBrK3π
D RK3π cos

(
δB + δK3π

D ∓ γ
)
, (6.1)

Γ
(
B∓ →

(
K∓π±π±π∓

)
DK

∓) ∝ 1 +
(
rBr

K3π
D

)2
+

2rBrK3π
D RK3π cos

(
δB − δK3π

D ∓ γ
)
. (6.2)

Here rB ∼ 0.1 is the absolute ratio of B− → D̄0K− to B− → D0K− amplitudes. The
phase difference between these two amplitudes is (δB − γ), where δB is a CP -conserving
strong phase. These expressions neglect small corrections from D0-D̄0 oscillations, which
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Figure 11. The distribution of ∆χ2 vs. γ as fitted from two ensembles of simulated data sets, each
data set containing 600 or 60,000 suppressed B decays.

can be included in a straightforward manner [51]. It can be seen that the suppressed
pair of decays, B∓ → (K±π∓π∓π±)DK∓, has highest sensitivity to γ, as in this case the
interference term involving this parameter enters at leading order.

An ensemble of simulated data sets is generated, each containing around 600 suppressed
decays. The sample size is roughly equivalent to that which is expected in the Run 1 and
Run 2 data sets of LHCb, extrapolating from published results [12]. The distribution of
events between B− and B+ is simulated according to eq. (6.1), with the central values
of the D hadronic parameters chosen to be the values measured by BESIII, and with
the parameters of the B decay and γ = 71◦ set to the central values of a recent global
average [25]. Each data set is subjected to a χ2 fit to determine γ, the B-meson decay
parameters, and the hadronic parameters of the D decay, where the latter are constrained
according to the central values and covariances of the BESIII measurement, as expressed in
the likelihood contours. In order to quantify the contributions to the overall fit uncertainties
that are induced by the BESIII measurements alone, the exercise is then repeated, but with
simulated B-decay data sets that are 100 times larger.

Figure 11 shows ∆χ2, the change in χ2 with respect to the minimum that these studies
give, plotted as a function of γ. The minimum is centred on the input value.4 It is seen that
an analysis of 600 suppressed B decays, together with the knowledge of the D hadronic
parameters reported in this paper, will allow γ to be determined with a precision of

(
+7
−9

)◦
,

to which the BESIII measurements contribute an uncertainty of
(

+5
−7

)◦
. Such a result

would be only slightly less precise than the current best standalone determination of γ,
which comes from an LHCb analysis of B− → DK−, D → K0

Sπ
+π− and D → K0

SK
+K−

decays, and has an uncertainty of ±5◦ [52]. Hence it is concluded that the BESIII results on
4Due to a trigonometrical ambiguity two solutions are returned for γ, but only one, which is shown here,

is broadly compatible with the existing constraints on the Unitarity Triangle.
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the binned D → K−π+π+π− hadronic parameters are a valuable contribution to improving
the knowledge of CP violation in b-hadron decays.

7 Conclusion

Observables have been measured for the decays D → K−π+π+π− and D → K−π+π0 in
a sample of quantum-correlated DD̄ pairs. Many of these observables exhibit significant
deviations from the values expected in the absence of quantum correlations, and the en-
semble of measurements allow for the coherence factor and average strong-phase difference
of each decay to be determined. In the case when the analysis integrates over the phase
space of both decays, the results are

RK3π = 0.52+0.12
−0.10 , δK3π

D =
(
167+31
−19

)◦
,

RKππ0 = 0.78± 0.04 , δKππ
0

D =
(
196+14
−15

)◦
.

The measurements of the coherence factor are more precise than the existing world-average
values, and the allowed region in the (RK3π, δ

K3π
D ) and (RKππ0 , δKππ

0
D ) planes is more

restricted than is the case for the observables measured with CLEO-c data [8]. This
improved knowledge will be valuable when these channels are included with other D-meson
decay modes in studies of B− → DK− decays at LHCb and Belle II, and will enable a
more precise determination of the angle γ of the Unitarity Triangle. It will also be useful
in interpreting D0-D̄0 oscillation measurements performed with these multibody decays.

The analysis has been re-performed in four bins of phase space of the D → K−π+π+π−

decay, to yield bin-by-bin values of the coherence factor and average strong-phase difference.
A study of B− → DK− decays that makes use of such a sub-division is inherently more
sensitive, and can provide a standalone measurement of γ that is expected to be among the
most precise available using a single D-decay mode. The BESIII results will contribute an
uncertainty of around 6◦ to this measurement, which is less than that estimated to arise
from the size of currently available B-meson decay samples. Updated analyses with the
larger data sets that BESIII expects to collect at the ψ(3770) resonance in the coming
years will allow this uncertainty to be significantly decreased [53].
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A MBC distributions

Figures 12, 13 and 14 present the MBC distributions for those double-tagged events not
shown in the main body of the text.
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Figure 12. MBC distributions for decays tagged by the modes D → K0
Sπ

+π−, D → K0
Sπ

0 and
D → K0

Sπ
0π0. The points with error bars are data; the red line indicates the total fit; the dashed

purple line shows the peaking-background contributions; the combinatorial-background contribution
is at too low a level to be visible.
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Figure 14. MBC distributions for decays tagged by the modes D → K0
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level to be visible.
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B Correlation matrices

Table 14 presents the correlation matrix for the observables in the global analysis, and
table 15 gives the correlation matrix for the hadronic parameters determined in this study.
Tables 16 and 17 show the corresponding matrices for the binned analysis.

∆Kππ0
CP ρK3π

Kπ,LS ρK3π
Kππ0,LS ρK3π

LS ρKππ
0

Kπ,LS ρKππ
0

LS

∆K3π
CP 0.49 0.00 0.00 0.00 0.00 0.00

∆Kππ0
CP 1.00 0.00 0.00 0.00 0.00 0.00

ρK3π
Kπ,LS 1.00 0.01 0.01 0.00 0.02

ρK3π
Kππ0,LS 1.00 0.01 0.00 0.02

ρK3π
LS 1.00 0.00 0.02

ρKππ
0

Kπ,LS 1.00 0.01

Table 14. Correlation matrix for the observables in the global analysis.

δK3π
D rK3π

D RKππ0 δKππ
0

D rKππ
0

D

RK3π −0.63 −0.62 0.03 0.15 0.08
δK3π
D 1.00 0.56 −0.12 −0.08 −0.02
rK3π
D 1.00 0.03 −0.19 −0.02

RKππ0 1.00 0.13 0.03
δKππ

0
D 1.00 0.30

Table 15. Correlation matrix for the hadronic parameters determined in the global fit.

∆K3π
CP ρK3π

Kπ,LS ρK3π
Kππ0,LS

Bin 2 Bin 3 Bin 4 Bin 1 Bin 2 Bin 3 Bin 4 Bin 1 Bin 2 Bin 3 Bin 4

∆K3π
CP

Bin 1 0.46 0.49 0.57 0.01 0.00 0.01 0.01 0.01 0.01 0.00 0.00
Bin 2 1.00 0.43 0.50 0.00 0.00 0.00 0.01 0.01 0.01 0.00 0.01
Bin 3 1.00 0.53 0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.01
Bin 4 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ρK3π
Kπ,LS

Bin 1 1.00 0.01 0.01 0.02 0.02 0.01 0.01 0.01
Bin 2 1.00 0.00 0.01 0.01 0.01 0.00 0.01
Bin 3 1.00 0.01 0.02 0.01 0.01 0.01
Bin 4 1.00 0.03 0.03 0.01 0.02

ρK3π
Kππ0,LS

Bin 1 1.00 0.03 0.01 0.03
Bin 2 1.00 0.01 0.02
Bin 3 1.00 0.01

Table 16. Correlation matrix for the observables in the binned analysis. The off-diagonal elements
involving the binned ρK3π

LS observables, which are not shown, are all 0.01 or less.
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Bin 1 Bin 2 Bin 3 Bin 4

δK3π
D RK3π δK3π

D RK3π δK3π
D RK3π δK3π

D

Bin 1
RK3π −0.56 0.33 −0.12 −0.82 0.58 −0.45 0.08

δK3π
D 1.00 −0.42 0.18 0.51 −0.79 0.55 −0.29

Bin 2
RK3π 1.00 −0.13 −0.31 0.42 −0.41 0.00

δK3π
D 1.00 0.14 −0.10 0.29 0.27

Bin 3
RK3π 1.00 −0.51 0.44 −0.03

δK3π
D 1.00 −0.53 0.35

Bin 4 RK3π 1.00 0.03

Table 17. Correlation matrix for the hadronic parameters determined in the binned fit.

Parameter BESIII and BESIII, CLEO-c

CLEO-c and LHCb

RK3π 0.49+0.11
−0.10 0.44+0.10

−0.09

δK3π
D

(
154+22
−14

)◦ (
161+28
−18

)◦
rK3π
D (×10−2) 5.46±0.08 5.50±0.07

RKππ0 0.79±0.04 0.79±0.04

δKππ
0

D (196± 11)◦ (196± 11)◦

rKππ
0

D (×10−2) 4.41±0.11 4.41±0.11

Table 18. Results for the global fit to the BESIII and CLEO-c data, and the BESIII, CLEO-c and
LHCb data.

C Combination with CLEO-c and LHCb results

A fit is performed to the global observables determined by BESIII and those from the
CLEO-c data, reported in refs. [7, 8]. It is assumed that the correlations between the two
sets of measurements are negligible. The χ2/n.d.f. of the fit is 100/98. The results are
presented in table 18, with the accompanying correlation matrix given in table 19, and
∆χ2 scans are shown in figure 15. A second fit, with a χ2/n.d.f. of 104/101, includes
the constraints from the LHCb study of D0-D̄0 oscillations [10]. The results are shown in
table 18 and figure 16, with the correlation matrix in table 20.

A combined fit is performed to the binned results of BESIII and CLEO-c, again assum-
ing negligible correlations between the two experiments. The χ2/n.d.f. is 356/332, and the
results are presented in table 21 and figure 17. The correlation matrix is given in table 22.
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δK3π
D rK3π

D RKππ0 δKππ
0

D rKππ
0

D

RK3π −0.78 0.50 0.04 −0.07 −0.06
δK3π
D 1.00 −0.34 0.15 −0.15 −0.04
rK3π
D 1.00 0.02 −0.11 −0.02

RKππ0 1.00 0.23 0.05
δKππ

0
D 1.00 −0.11

Table 19. Correlation matrix for the hadronic parameters from the global fit to the BESIII and
CLEO-c data.
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Figure 15. Scans of ∆χ2 in the BESIII and CLEO-c global fit in the (RK3π, δK3π
D ) and (RKππ0 ,

δKππ
0

D ) parameter space, showing the ∆χ2=2.30, 6.18, 11.83 intervals, which corresponds to the
68.3%, 95.4% and 99.7% CLs in the two-dimensional parameter space.

δK3π
D rK3π

D RKππ0 δKππ
0

D rKππ
0

D

RK3π −0.75 0.52 0.00 −0.07 −0.06
δK3π
D 1.00 −0.42 0.03 0.17 0.01
rK3π
D 1.00 −0.01 −0.02 −0.12

RKππ0 1.00 0.19 −0.01
δKππ

0
D 1.00 0.25

Table 20. Correlation matrix for the hadronic parameters from the global fit to the BESIII, CLEO-
c and LHCb data.
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Figure 16. Scans of ∆χ2 in the BESIII, CLEO-c and LHCb global fit in the (RK3π, δK3π
D ) and

(RKππ0 , δKππ0

D ) parameter space, showing the ∆χ2 = 2.30, 6.18, 11.83 intervals, which corresponds
to the 68.3%, 95.4% and 99.7% CLs in the two-dimensional parameter space.

Parameter Bin 1 Bin 2 Bin 3 Bin 4

RK3π 0.66+0.18
−0.21 0.85+0.14

−0.21 0.78+0.12
−0.12 0.25+0.16

−0.25

δK3π
D

(
117+14
−9

)◦ (
145+23
−14

)◦ (
160+19
−20

)◦ (
288+15
−29

)◦
rK3π
D (×10−2) 5.43±0.10 5.78±0.11 5.76±0.10 5.06±0.12

RKππ0 0.80±0.04

δKππ
0

D (203± 11)◦

rKππ
0

D (×10−2) 4.49±0.11

Table 21. Results for the binned fit to the BESIII and CLEO-c data.

Bin 1 Bin 2 Bin 3 Bin 4
δK3π
D RK3π δK3π

D RK3π δK3π
D RK3π δK3π

D

Bin 1
RK3π −0.40 −0.53 0.51 −0.04 0.17 −0.02 −0.04
δK3π
D 1.00 0.12 −0.04 0.02 0.10 0.01 0.03

Bin 2
RK3π 1.00 −0.80 −0.22 −0.02 −0.11 −0.12
δK3π
D 1.00 0.21 0.14 0.10 0.15

Bin 3
RK3π 1.00 −0.34 0.11 0.23
δK3π
D 1.00 −0.03 −0.17

Bin 4 RK3π 1.00 −0.63

Table 22. Correlation matrix for the hadronic parameters from the binned fit to the BESIII and
CLEO-c data.
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Figure 17. Scans of ∆χ2 in the BESIII and CLEO-c binned fit in the (RK3π, δK3π
D ) and (RKππ0 ,

δKππ
0

D ) parameter space, showing the ∆χ2=2.30, 6.18, 11.83 intervals, for the four bins of the
analysis. Also indicated is the prediction from the model, where the global offset in average strong-
phase difference comes from the global result.
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